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ABSTRACT

On Partial Compactifications of the Space of Framed Vector Bundles

on the Projective Plane

Hans Georg Freiermuth

We propose a new partial compactification of the space of framed SL(r, C)-bundles
with second Chern class n on the projective plane. It is obtained as the Kirwan desin-
gularization of the Uhlenbeck compactification of the space of bundles. The objects
on the new normal crossings boundary divisor are interpreted as bundles on varying
blowups of the plane in at most n (possibly infinitely near) points which have a fixed

prescribed splitting type along the exceptional lines.
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1 Introduction

1.1 History and motivation

The study of the parameter space for vector bundles on smooth projective surfaces and its
various compactifications has a long history. Gieseker showed in 1977 that there exists a
coarse projective moduli space compactifying the space of semi-stable vector bundles with
fixed rank and Chern classes [15]. The boundary of his parameter space consists of objects

of a more general type: Semi-stable torsionfree sheaves with the same invariants.

Gieseker’s construction and its generalizations by Maruyama and Simpson make use of
the fact that the semi-stability guarantees a common regularity bound which allows one
to embed the sheaves as an open subset into a projective scheme Q. This subset is then
identified with the set of G.1.T.-semi-stable points for an action of the special linear group
on Q and allows one to express the moduli space as a geometric invariant theory quotient.
However the Quot-scheme Q is quite complicated, and there was a need to find a more

practical method to investigate the geometrical details of the Gieseker compactification.

For the base surface P?, Barth, Hulek and others studied exactly for this purpose certain
three-term complexes, so called monads, which essentially allow one to describe the vector
bundles on P? in terms of linear algebra data. Donaldson observed in his famous paper [7]
that the monad description becomes particularly simple if one replaces the semi-stability
condition for the bundles by demanding that they come equipped with a trivialization along
a fixed line: The moduli space Mq(r, n) of “framed” rank-r bundles on P? with Chern classes
¢1 = 0 and ¢ = n has a nice description as a geometric quotient of an open subset of a

matrix space X (instead of a complicated Quot-scheme) for a suitable GL(n)-action.

Framed bundles have been studied ever since by Lehn [26], [18], Hurtubise [17], King [20],

Nakajima [31] and others.

The smooth 2nr-dimensional moduli space Mg(r,n) is not a compact variety, but simi-
larly to the corresponding space for semi-stable bundles, there exists a (partial) Gieseker

compactification M &(r, n) obtained by adding torsionfree framed sheaves.



A striking result is that framed bundles are (like stable ones) intimately related to di [erkn-
tial geometry: Donaldson [7] used the monad quotient-description to identify Mg(r, n) with
the space of pointed SU (r)-antiselfdual connections on S*, so called instantons. But for the
space of instantons, there exists the di Lerkntial-geometric (partial) Uhlenbeck compactifica-
tion [8] by ideal instantons with description MY (r,n) = I%I/Io(r, n —k) x SKC2. It carries
an algebraic structure and can therefore be regarded as an alternative compactification of

the space of framed bundles.

Both, the Gieseker and the Uhlenbeck compactification of Mg(r, n) unfortunately have some

disadvantages:

(i) The Uhlenbeck compactification MY (r, n) is highly singular.
(if) The boundaries are in both cases neither divisors nor pure-dimensional.

(iii) The objects on the boundaries are not of the same type as the original ones: In the
case of the Gieseker space M©(r,n), they are no longer bundles but taken from the
larger category of torsionfree sheaves. For MY (r, n), the boundary points are not even
algebro-geometric objects but pairs consisting of an SU (r)-instanton of charge n — k

and a cycle pp + - + pg.

It would be nice to have instead a compactification with mild singularities, new objects of
the same type and a normal-crossings boundary divisor with a recursive structure, as for
example in the case of Mg, the compactification of the space of pointed Riemann surfaces

of genus g.

The subject of this dissertation is to outline a program leading towards such a new partial

compactification NHrh) of the space Mo(r, n) of framed vector bundles on P2.

Promising applications for the new compactification come again from di Lerkntial geometry
and mathematical physics, motivated by the identification of Mg(r,n) with the space of
pointed SU (r)-instantons: The Donaldson-invariants, integrals taken over certain classes

in the space of instantons, encode di Lerkential-geometric information about the underlying



4-fold. They can be computed by integrating on the “algebro-geometric side” over compact-
ifications of the moduli space of vector bundles. This philosophy has been applied in the
semi-stable world by Friedman/Morgan, O’Grady, Gottsche and others to compute di Lert
entiable invariants of compact algebraic surfaces before the '94 discovery of Seiberg-Witten
invariants. In the framed world, very recent results by Nekrasov [36] and Nakajima/Yoshioka
[32] revived the general interest. They managed to completely determine the generating
function for the relative Donaldson invariants of C?> = S*\ {oco}. Our hope is that one
will ultimately recover the recursive structure of Nekrasov’s generating function predicted
by physicists via a re-computation using the new compactification NHr+h) with its better

behaved boundary. For more details cf. chapter 6.

1.2 Summary and results

Let me briefly describe the main ideas leading towards the new compactification NH&-h):

« The first one is to exploit the description of the space of framed bundles My(r,n) and
its Gieseker and Uhlenbeck compactifications as various quotients of a matrix space X.
We show that they fit beautifully in the picture of variation of G.l.T.-quotients, cf. for
example Thaddeus [39]. Dilerent “linearizations” of the trivial line bundle over X vyield
in our case two smooth geometric quotients X [=1GL(n), both representing the Gieseker
compactification. They are resolutions of singularities of the a [nelUhlenbeck quotient
X [BEL(n) and related by a flip

M¢ )OI T T T T T T T T T T T T TIGE 1 (n) = ME(r, n 11
* ._!-:_ii_—__ B ——ii_il ( ) ( ) ( )
_!!Esii__ ALE

MY(r,n) = X IﬂBn)

« Frances Kirwan suggested in [22] a method to change any geometric invariant quotient
X [G having strictly semi-stable points into a new quotient X— Gl which has only stable
points using a suitable sequence of blowups. If the variety X is smooth, this method provides
a desingularization of the quotient X A up to orbifold singularities. Her technique has

been successfully used in various contexts, e.g. for computing the cohomology of moduli of



bundles on curves [23] or for the construction of new irreducible symplectic varieties [37].

We apply Kirwan’s method to the a [melUhlenbeck quotient MY (r,n) = X [®GL(n). Its
set of strictly semi-stable points is stratified by the translates of the fixed point sets Zgr
of reductive subgroups R of GL(n) occurring as stabilizers. We show (theorem 3.3) that
those subgroups R™ are products of smaller general linear groups indexed by partitions
(v) [Kland identify the Kirwan-strata GL(n).Zz as points in the inverse image of the sets
M(l\J,) := Mo(r, n—k)><S'(‘v)C2 under the natural quotient map X — X [®GL(n). Blowing up
the singular variety X successively along the strict transforms of the Kirwan strata (starting
with the smallest stratum) will enlarge the set of stable points at each step. Passing to the

quotients, one eventually obtains a surjective morphism X4 GIL(n) - X [PGL(n) which

is an isomorphism over the subvariety Mo(r,n) of framed bundles.

It is this space NHrh) := X GL(n) that we regard as total space of the new compactifi-

cation.

« In a third step we interpret the points on the exceptional sets of NHrh). They should
be regarded as SL(r, C)-bundles G on new surfaces S obtained as blowups of the projective
plane and containing trees of projective lines with negative self-intersection. The new

objects G have the prescribed splitting type

| S—
GlL =O[ 2 1 (OL(-1) [COL(Y) (1.2)
i=1

along the lines with L2 = —k. Let me explain how to see this:

Again, the motivation comes from a related construction in di Lerkntial geometry: There is
a bubble-tree compactification of the space of instantons using a glueing technique due to
Taubes [8]: Consider an ideal instanton (A, p1 + - - - +pk) on the boundary of the Uhlenbeck
space MY (r, n). Per definition, its curvature density has peaks at p1, ..., px. Taubes tears at
these points S#-“bubbles” out of the underlying four-sphere and obtains an ideal instanton
of smaller charge on the new manifold. Repeating the process, one ends up with a genuine

antiselfdual connection on the bubble-tree.



How could one try to mimic this method in our situation? Since the strata M(‘j) in the
Uhlenbeck space along which we want to blow up in order to construct the new com-
pactification NG-#h) contain ideal connections (A, vip; + - - - + vipy), di [efential-geometric
objects, we “switch to algebra” by passing to their inverse images in the fibred product
ME(r, n) XMU (r,n) ME(r, n) obtained from (1.1). Such pairs (F+, F—) of honest torsionfree

sheaves on the boundary of the two Gieseker spaces have generically presentations

1 —

0 - F+ —— EA —— Ozi - 0 and 0 - F_ I EEI_—> OJZ- — 0
with Z; CHIlbVi(C?), where the reduced scheme underlying Z = Z; =} [Z] is the support

{p1,...,pi} of the original cycle vip; + --- +vp; in the Uhlenbeck space.

Imposing an extra duality condition on (F+, F-), we prove in theorem 4.7 the existence of a
lift of such a pair to a vector bundle G on a surface S with splitting-property (1.2) which is
obtained by the following “bubbling”-process: First, we blow up P? at the points ps,...,p.
The zero-dimensional part Zof the inverse image of Z under this blowup has smaller length
than Z. In a second step, we blow up along the reduced points on the exceptional lines
underlying the new zero-scheme ZY Repeating this process, we obtain after finitely many

steps a surface S containing | trees of projective lines with negative self-intersection.

« To illustrate the construction of N-#h), we investigate in detail the case of charge n = 1:
By theorem 5.2, the new compactification NH#) is isomorphic to the total space of the
vector bundle 20 [COk(—1,—1) over the flag variety parametrizing lines contained in
hyperplanes in C'. It can be identified with one of the two irreducible components of the
fibred product MS(r, 1) XMU(r,1) MS(r, 1) and resolves the flip (1.1). Then we investigate
in theorem 5.6 the objects on the new boundary dNH#d) = 20k.



1.3 Outline

In chapter 2, we review the background material necessary for the construction of NHr).
Then in chapter 3, we summarize Kirwan’s technique of partial desingularization of G.1.T.-
guotients and determine the Kirwan-strata of the a [nelUhlenbeck quotient. Chapter 4 and
5 form the core of the thesis. We introduce in chapter 4 the notion of dual pairs and construct
their lifts to blowups of the plane, first in a special case to provide some intuition, then in
general. Having all necessary tools at hand, we give in chapter 5 a complete description of
the new compactification NHrd) in the charge-one case and outline briefly what we know
about higher charge. In chapter 6 we discuss some directions for future work. We close
with a curiosum: An appendix describing how we tortured the department’s computers to

find a set of equations for the Uhlenbeck space MY (r, 2).



2 Background

In this chapter, we explain how to interpret the Gieseker- and Uhlenbeck-compactifications
of the space of framed SL(r, C)-bundles on the projective plane as quotients of various ma-
trix spaces by the general linear group. Varying the linearization of the quotient describing
the Gieseker compactification, one obtains two resolutions of the Uhlenbeck space MY (r, n)
which are related by a flip. We characterize the fibres of the Gieseker-to-Uhlenbeck maps,
investigate briefly the tangent complex of the moduli spaces and close with a review of
King’s ADHM-description of the space of framed bundles over the blowup of P? in one

point which we will need in chapter 5.

2.1 The setup

Let V £¢b and W L£€t be two fixed complex vector spaces and consider the a Lnelvariety
My w = End(V) CERd(V) CHdbm(V,W) CHdbm(W, V). (2.1)
We define the complex moment map by
Hc :Myw - End(V); p(ag, oz,a,b) = [ag, ap] + ba. (2.2)
The group G = GL(V) acts on My w via
g-(ci1, 02, @,b) = (9a1g ™", gog ™", ag ™, gh) (2.3)

and the closed subscheme Xy w = ugl(O) of My w is G-invariant.

There are two open subschemes of Xy w, the set of N-stable points X{), consisting of
(01,02,a,b) XAy w for which there exists no a;-invariant proper subspace S of V with
Im(b) [CSI Dually, the set X{5, of N-costable points contains the elements (0, 0z, a,b)

for which there are no non-zero subspaces S [Vlwith a;(S) [CSland S [KEr(a).



These two “ad hoc”-stability conditions allow one to characterize the points for which the
action of G is free and to give a criterion for the closedness of an orbit G.x which will be

useful later on:
Lemma 2.1 (Nakajima [31], Vasserot [42]). Let x = (01, 02,a,b) be a point in Xy .
(i) If x is N-stable or N-costable then Stabg(x) = {1}.

(ii) x is N-stable and N-costable if and only the orbit G.x is closed and x has trivial

stabilizer.
(iii) The orbit G.x is closed if and only if there exist subspaces Vi,Vy [V X3 I:Xl\r,‘f,w n
Xy w and Xz XAy, g such that

vV =V; [V, X =xX; x4 and GL(V2). X2 = GL(V3). X>.

The splitting is unique and obtained as follows: Given x = (ag, 0>, a,h), let V1 (V2)
be the smallest (biggest) aj-invariant subspace of V containing Im(b) (contained in

Ker(a)). Then X1 = (Gllvl, Gglvl, a, b) and X 1= (Gllvz, CX2|V2, 0, 0)

Notation: Unless when needed for clarity as in the lemma above, we drop the indices of

MV,W and vaw.

Figure 1: The quiver of My .

ks —
%2) b

2.2 The G.1.T.-description and the flip

A powerful tool to get a systematic description of the orbit spaces of the set of N-stable
and N-costable points in X and the relation between them is provided by the machinery of

geometric invariant theory [29],[39].



We follow A. King [21] and choose various “linearizations” of the trivial bundle Oy on the

matrix space M using the character

Xu:G - CHlg B det(g)¥, pr=z (2.4)

It induces an action g.(X,y) = (g.x,xu(g)_ly) of G on the total space M x C of the trivial
bundle Oy. Depending on the exponent p in the character X, we obtain various quotient
spaces for the action of G on the matrix space M:

If u =0, the character is trivial and we consider the good a [nelquotient
M 2 := Spec(O(M)®). (2.5)

If u 8 0, we define the G.1.T.-quotient as

1 1
= Proi [ TOMNGX 1
M [*G := Proj O(M)n , (2.6)
n=0

where O(M)(n;’XH denotes the set of functions {f CQ(M) | f(g.x) = x(g)"f(x)} which can
be regarded via s(x) := f(x)y" as the G-invariant sections of the trivial line bundle. The
i i G — G, Xu L1 G.Xu : . . .

inclusion of algebras O(M)* = O(M), [ 1,0 O(M)r" ™ induces surjective morphisms
o, : MG — M [G exhibiting the G.I.T.-quotients M [*G as varieties that are

projective over the a [nelquotient M .

More geometrically, one can characterize the quotients as follows: In geometric invariant
theory, a point x is called semi-stable if for some n = 1 there exists an invariant
function T IZO(M),?’X” which does not vanish at x. We denote the open set of semi-stable
points in M by M®. If in addition the orbit of a semi-stable point X is closed in M}® and
if X has a finite stabilizer then the point is called stable. Two orbits G.x; and G.x, of
semi-stable points are regarded as equivalent if their closures intersect in Mff. Then the
quotients M G can be considered as the set of equivalence classes M/ [ofl orbits of

semi-stable points under this relation.
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Now we focus our attention on the G-invariant closed subset X = pgl(O) of the matrix space
M. The sets of (semi-)stable points X5 and X for the various choices of the character X,

are nicely related to the sets of N-stable and N-costable points in X:

Lemma 2.2. If the exponent p [Zlof the character x|, is

(i) positive then X$ = X3 = X",
(i) negative then X$ = X3 = X"

(iii) zero then X§° = X and X5 = X" n X"¢,

Proof: (i): X3 = X" has been proven in [31],3.25 and X3® = X3 is a consequence of
lemma 2.1.(i). The proof of (ii) is analogous. For (iii), choose a global nowhere-vanishing
invariant function (e.g. ¥ = 1) on the a [nelvariety X to see that X§°* = X. Lemma 2.1.(ii)
implies that X§ = X" n X"°, O

Varying the character x,,, we therefore obtain only two quotients besides the a [Cnelquotient
X [®® which we denote by X 15 and X [—15, depending on the sign of p. Since the
latter two have no strictly semi-stable points and G acts freely on the stable points, they
are actually smooth, geometric quotients. As we just have seen, the three quotients X [(XG

and X [P can be obtained from each other by changes of the linearization of Oy.

The theory of “variation of G.1.T.-quotients” pioneered by Thaddeus [39] and Dolgachev/Hu
[6] among others shows that X [IG and X [CIG are birational, small resolutions of

singularities of the a [nelquotient X [®® and related by a flip

Remark on the compactness of the quotients. It is easy to see that the spaces X [(XG

and X [®G cannot be compact complex varieties. It is always possible to split o CalC2-factor
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by passing to tracefree matrices: Any point in M has a decomposition

L1

_ @) iy ap

(a1, 02,a,b) =

tr(a tr(a tr(a
@) g, T4 00 o — Mg, o,

n n n
It respects the integrability and various stability conditions, and G acts trivially on the first

summand.

2.3 Moduli interpretation of the three quotients

In this section we explain how to interpret the three quotients X G, X [—G and X [*®
as various partial compactifications of the space of framed vector bundles on the projective

plane.

2.3.1 The quotient X [ 15 and the Gieseker compactification M€(r,n)

We fix coordinates X, y, z on the projective plane P? and let M (r, n) denote the moduli space
of SL(r)-bundles E on P2 with second Chern class n equipped with a framing ® : E|_ —
W L[QO] along the line at infinity L = V (z). There exists a (partial) compactification of
the space of these bundles, the Gieseker compactification M©(r,n) by torsionfree rank-r
sheaves with ¢; = 0,c, = n which are framed along the line L and locally trivial in a

neighbourhood of it.

On the theoretical side, Huybrechts and Lehn [26], [18] proved that ME(r, n) is a quasi-

projective, fine moduli space representing the functor
ME(r,n)(-) : (schemes) —— (sets),

associating to a base scheme S the set MC(r, n)(S) of isomorphism classes of pairs (F, ®)
consisting of an S-flat family F [—Qoh(P? x S) of torsionfree rank-r sheaves Fs on the
projective plane P? with Chern classes ¢1(Fs) = 0,¢2(Fs) = n and a framing isomorphism
O Flixs — W [Cpaf©, . Two pairs (F1,P1) and (F,, d,) are called isomorphic if the

isomorphism of families o : F; —» F, respects the framing, i.e. if ®; o d|_xs = P1.



12

On the practical side, Nakajima extended the work of Donaldson [7] and explained how to
pass from the “linear algebra data” to a torsionfree framed sheaf on P2 and vice versa. We

briefly sketch the method and refer to [31] for details.

To each X = (01, 0, a,b) Xy w one can associate a complex Cy w (X) of bundles on P2 in

the following way:

V [QO}-
1
[LOp2(—1) o 7 V DOk S LOp2(1)  (2.7)
A:%zaz—yg 1
W O}
The maps A and B are nothing but matrices of linear forms on P2. Let HIC(x), i =0,1,2

denote the three cohomology sheaves of the complex. One can check that

(i) HC(x) = 0.
(i) A is fibrewise injective i[> [XI"°,

(iii)) H2C(x) = 0 if and only if x [X"S,

It follows by (i) and (iii) that for each x [XI"S, the cohomology sheaf Fy := HC(x) is an
element of MC(r, n). If in addition x X", then by (ii) the sheaf Fy is locally free. Also
note that if x and x lie in the same GL(V )-orbit, the associated sheaves Fx and Fyoare

isomorphic.

Conversely, starting with a torsionfree sheaf F M ©(r,n) one can recover the “monad”

(2.7) using the Beilinson spectral sequence

L1

J:%—l),if i=0

B = HAPAF(CD) Lo () fepn =CEA L)
AT 1
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applied to F(—1). The triviality of F along L implies that the cohomoloy groups HSF (—q)
and H3(F(—1) @2(1)) vanish for s = 0,2 and q = 1,2. As a consequence, the Ei-term

of the spectral sequence simplifies after twisting to a complex

HF(=2) [Op(—1) 2% HY(F(=1) [0},(1)) [Op = HF(=1) [Op2(1) (2.8)

which has the properties H® = H2 = 0 and H? L Flthanks to the convergence of the spectral
sequence. Setting V. = H'F(—2) and W = H°(L, Ker(B)|.) and using the framing of F
along L allows one to choose bases in such a way that one can express the maps A and B
in the normal forms (zo; — X, za, —y, za)' and (y — z0s, za; — X, zb) from (2.7). The
condition B = A = 0 of being a complex translates to [aq, a»] +ba = 0 and one can also
recover the N-stability condition from the complex. The automorphism groups of the three
bundles in (2.8) act naturally by conjugation on the complex. The action has to be trivial
over the line of framing L. Using this property, it is easy to show that the action simplifies

under the identifications made above to g.(ay, 02, a,b) = (go1g~ 1, goog~t, ag™t, gb).
All these observations can be summarized as follows.

Theorem 2.3 (Nakajima [31], Donaldson [7]). (i) The geometric quotient X [IG =
X"$/G is isomorphic to the Gieseker compactification M S(r, n) of the space of framed

SL(r, C)-bundles with second Chern class n by torsionfree sheaves.

(ii) The smooth subquotient (X" n X"¢)/G is isomophic to the moduli space Mo(r, n) of
framed SL(r)-bundles and is contained as an open dense subset in both, X = and

the a [nelquotient X [*.

As an immediate consequence, both spaces Mo(r, n) and M€(r, n) are smooth, a [nelvari-

eties of dimension 2nr containing a factor of C? by the remark on page 10.

2.3.2 Cohomological interpretation of the linear data

Consider a point X = (0, 0,a,b) in X{,‘fw and let F denote the associated torsionfree

framed sheaf in the Gieseker compactification. Then it follows for free from the Beilinson
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construction that the vector spaces V and W can be interpreted as
VEIEHIFE—2) £ HF(-1) and W £HPF|. LHEF| (-2).

But with a bit of diagram chasing one can show that not only the spaces but also the linear

mapsai:V - V,a:V - Wandb:W - V have a cohomological interpretation: Let
0 — Op2(—1) =% Opz - O - 0 (2.9)

be the sequence defining the line L along which the sheaves are framed. After twisting it by
F, the boundary map H°(F|_) —— HF(—1) in the associated cohomology sequence turns
out to beb: W - V. Similarly, tensoring (2.9) by F(—2) and taking the first cohomology
HIF(—2) — HF_(—2) of the restriction map yields the map a:V - W.

For (r1,r2) 8 (0,0), denote by L, r,) := V (r2x —ryy) the line in P? passing through the
points [0] 0, 1[and [r}, rp, 1L1Twisting the short exact sequence defining L, r,) by F(—1)
and taking cohomology gives

Lbx—r1y)

0 - HFli,,,,(-1) —~ H'F(=2) ~ H'F(=1) -~ H'F|, ,,(-1) -0

The map in the middle can be identified with the endomorphism (ri01 + r,ay) :V - V.

Corollary 2.4. The sheaf F restricted to the line L, ,) has trivial splitting type

(0,0,...,0) if and only if (ria; + ryaz) : V. - V is an isomorphism.

Remark: In the n = 1 case, ria; + roa, is an isomorphism if and only if it is non-zero.
Hence F has trivial splitting type along all lines passing through [0} 0, 1[&xcept for the
(jumping) line which meets the point g = [Hay, a1, 1L The point q is also given as the

vanishing locus of a non-trivial section in H°F = C.
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2.3.3 How to regard X [CI5 as a moduli space

For symmetry reasons, it would be nice to have also an interpretation of the other geometric
guotient X [CIG as a moduli space of torsionfree sheaves. However for the points x [
X"\ X" lying over the “boundary” of X [—15, the second map of the associated monad
C(X) is not longer surjective (c.f. (2.7), remark (iii)) and therefore it is impossible to assign

simply the sheaf H1C(x) to the given data.

Fortunately, there is an easy way to circumvent this problem: As MS(r, n)-varieties, the
two quotients X 15 and X [—1G are only birational, but if we regard them as varieties
over Spec(C) they are isomorphic and we can use that isomorphism for a moduli-theoretical

interpretation of the quotient X [—15. To see this, consider
X9y — Xveowe (0q,02,a,b) B (o] ,0,—a',b")

which assigns to a given point X = (aq, 0>, a,b) its “dual” linear algebra data. The map has
image X%y, cafullfills 1(g.x) = (9~ HT.1(x) and is hence equivariant for the dual action of

G on Xty =1 It descends to an isomorphism

1: XV,W G — Xy quliG mG(r, n)

By theorem 2.3.(ii), we can identify the points G.x of the subquotient (X" n X"¢)/G of
XN¢/G = X [IG via the monad construction with vector bundles Ex. If we now examine
the monad (2.7) associated to the image of 1(X), it turns out that we obtain the dual bundle

E-4s its first cohomology sheaf.
This motivates the following interpretation of the quotient X [—1G as a Gieseker space:

Definition 2.5. We regard a point G.x X [— 15 as the isomorphism class of the framed

sheaf associated to the monad Cy cyy c{1(x)) of the dual data 1(x).
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2.3.4 The affine quotient X [*® and the Uhlenbeck compactification MY (r, n)

Fix an SU(r)-bundle E on the sphere S* with c,(E) = n and consider the space of SU(r)-
connections A on E with F; = 0. The gauge group G = Aut(E) acts freely on the space of
pairs (A, Ee — C') consisting of an anti-selfdual connection and a trivialization over the
north pole co [CSF. We call the quotient space 1M (S%,r,n) the moduli space of pointed
SU(r)-instantons of charge n. In his groundbreaking paper [7], Donaldson identified this

space of instantons with the space Mo(r, n) of framed bundles on P? in the following way:

Restricting the Hopf-fibration Pt — P2 — PL L-SF to a hyperplane P2 [PE which
contains the line L = m~1(o0), one can associate by the Ward correspondence to an SU (r)-
instanton A a holomorphic structure Ea on the topological bundle (m'8)|p2. The trivial-
ization f : Eeo £€ of the connection over oo induces a framing ® : (Ea)|lL = O/ of the
bundle over the line L. Moreover, this map IM(S%,r,n) — Mo(r,n); (A, ) B (Ea, ®) is

an isomorphism as Donaldson proves using the ADHM-description
IM(S%, r,n) = (U1(0) n X" n X"C)/U(V) (2.10)

of the space of instantons as a symplectic quotient. Here the action is given by restricting
the action (2.1) of GL(V) to its maximal compact subgroup U(V) and pg : M —= u(V) is

the real moment map
pi(ay, oz, a,b) = %([al, o+ [ap, o+ aa"+ b). (2.11)

By a result of Kempf and Ness, the quotient (2.10) is isomorphic to (X" n X"¢)/GL(V)
which in turn by theorem 2.3.(ii) can be regarded as the space Mg(r, n) of framed SL(r, C)-

bundles on P2.

In di[erential geometry, there is a (partial) compactification of the space 1M (S%,r,n) by
so called ideal instantons. An ideal instanton of charge n is a pair (A, p1 + - +px) [

IM (S r,n — k) < SKR*, where A is an ASD-connection of charge n — k whose curvature
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density
| S

|Fal®> +8m2 &y,
i=1
is allowed to have “peaks” over the points py,...,px CI* \ {0} = R* = C2. The total
mass of the curvature density of an ideal connection is therefore 8m?n, where n is the second

Chern class of the underlying bundle.

Using a suitable notion of convergence for these ideal instantons (cf. [8], p. 137), one obtains

a complete, stratified topogical space

1 Iﬁ ]
MY(r,n) = IM(S* r,n—k) =< SKR* L1 My(r,n — k) x skc?, (2.12)
where the second isomorphism follows from the discussion above and allows us to consider
the Uhlenbeck space MY (r, n) as a compactification of the moduli space Mo(r, n) of framed

bundles on P2 containing it as an open dense subset.

For our purposes, we will now refine the stratification (2.12) of the Uhlenbeck compact-

ification MY(r,n) by further decomposing the symmetric products SKC2. Let (v) =

(V1,V2,...,V1), v1 = =V, >0 denote a partition of k. Then
—1
skc? = S(&V)CZ, where Sf,C? := vi - pi [SKC? [p; S pj for i £ j
() i=1

The Uhlenback compactification carries moreover the structure of an (a [ne) algebraic va-
riety. Thanks to the quotient description, this is much easier to prove than in the case of

semi-stable SL(r, C)-bundles, cf. Li’s tour de force [27]:

Theorem 2.6. The full a [nelquotient X G is isomorphic to the Uhlenbeck space

MUY (r,n) and the isomorphism

_ 1
Xyw EGLV) - Mo(r,n — k) x S§,C* = MY(r,n)

O=k=n

v) [

to its refined stratification is induced by the decomposition V = V; [alfrom lemma 2.1.(iii).
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Proof: If x [Xyw has a closed GL(V )-orbit, we can decompose by lemma 2.1.(iii)
the vector space V into a direct sum V; V] such that x splits as X3 [X3 with x; [
Xosw N XPfws X2 Xy, oy and GL(V2).x2 = GL(V2).Xz. Since the a [nelquotient

parametizes closed orbits GL(V ).x this splitting procedure induces an isomorphism

nc
EXE oy N XD

Xyw CPGLV) = x X PGL(K
V,W ( ) o GL(n _ k) ck {0} ( )
ns_ an(%_
after taking quotients. Theorem 2.3.(ii) implies that the first factors —" 'E;"I’_V(n_ﬁ) Kaw

are isomorphic to the moduli spaces Mo(r,n — k). The second factors Xck (o3 O GL(k)
parametrize closed orbits of pairs (ap, az) of commuting (k < k)-matrices under the action
of GL(k) by conjugation. We complete the proof by constructing an isomorphism

Xek 03 P®LK) — s(&v)cz.

) K

It is obtained in the following way: We bring the two commuting matrices a; and ady in
Jordan canonical form with respect to the decomposition into their common generalized
eigenspaces S;:

ck=s, 1 S v =dimS;.

Then the orbit of (ay, o) contains an element (af, o5) = ( ! iJa: ), ! iJo(:(pi)) which
is unique up to permutation of the Jordan matrices Jq, (Ai), Ja, (Hi) consisting of all Jordan
blocks for the eigenvalues Aj and ; respectively. Using the closedness of the orbit, we can
eliminate the nilpotent part in the Jordan matrices by passing to lim¢_ o A(t)~1(af, a5)A(L),
where A(t) = Diag(t,t?,...,t"*|...|t,t?,...,tY). Then the map Xk g0y — sSkC? defined
by sending a matrix pair (az, o) to the spectrum of eigenvalues E’i - (A, Mj), weighted

with the multiplicities vi = dim S;, descends to the desired isomorphism. O

Digression: As a byproduct of our journey into di Lerential geometry we obtain easily that
the moduli spaces ME(r,n) and MY (r, n) carry all the structure of hyper-Kzhler varieties:

If we decompose the complex moment map (2.2) as pc = HUo +i 3 regarding End(V) as the
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complexification of u(V), we obtain together with (2.11) a hyper-Kahler moment map

T 1 1 1
by I [oq, off [0, aff+ aa™L-b™d)
U= b= M — u(v) CRY;, (01,02,8,b) B H [0, 0] — [af; b+ ba + atoy
M3 —3 ([og, o] + [afolf+ ba — atHhy

The induced hyper-Kdhler quotient

X#y UV) =p (i dx,0,0)/U(V),

where dx denotes the di [erential of the real part of the character x(g) = det(g)* from (2.4)
can be identified with one of the three quotients X C*GL(V), X BGL(V) and X CGL(V),

depending on the sign of the exponent pu of the character.

2.4 The two Gieseker-to-Uhlenbeck maps and their fibres

The two resolutions of singularities in

¢ Y YOO
i e

can be considered as the “higher-rank analogues” of the cycle map from the Hilbert scheme
Hilb"(C?) of n points in the plane C? to the symmetric product S"C2. We describe two the

Gieseker-to-Uhlenbeck morphisms m. moduli-theoretically and characterize their fibres.

Let us have a closer look at the points on the boundary of the Gieseker spaces: A coherent
sheaf F on any variety is torsionfree if and only if the canonical map from F to its double
dual F™s injective. The latter is a reflexive sheaf and therefore its singularity set has

codimension at least 3. Hence every torsionfree framed sheaf F on the boundary of the
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Gieseker compactification M (r, n) can be characterized by a short exact sequence

where F ™ s locally free on P? and the cokernel F"/F is a sheaf of finite length n —
c2(F ™! By induction on the length of C := F ™/ and using [16].111.7.3, one can show that
Exti(C, Op,) = 0 for i = 0,1. Dualizing (2.13) yields therefore Ext!(F, Opz2) J_@tz(c, Op2).
This Artinian sheaf C := Ext!(F, Op2) can be regarded as “dual” to C in the sense that
¢ LEXt2(C, Op2) and C LEXt2(C, Op2).

1
Note that any coherent Artinian sheaf D on P2 sglits into adirectsum D, of Oy -modules
] H Pu
D, of finite length, where {p1,...,pm} =V Ann(C) is the reduced support of D. We

associate to D the zero-cycle

™ 1
Z(D) = length (D) - pu-

pu=1
Theorem 2.7. The canonical surjections 1+ : X =6 — X [®G induced by the inclusions
L1
O(X)® [T, O(X)7** are

M+ :ME(r,n) — MY(r,n), (F, o) B ((F™), Z(FUAF)) (2.14)

- :MSE(r,n) —= MY(r,n), (F,®) B ((F5®), Z(Ext'(F, Op2))). (2.15)

Remark: The morphism (2.14) is the “usual” Gieseker-to-Uhlenback map. It has been
studied in the more complicated context of semi-stable rather than framed sheaves by

Morgan [28] and Li [27].

Proof: First recall that every point y [X whose GL(V )-orbit is closed has a splitting
y = y; [y} induced by a decomposition of the vector space V. = V; [V, cf. lemma
2.1.(iif). The component y, is both N-stable and N-costable in Xy, w. Therefore the
monad (2.7) associated to y; has a locally free first conomology sheaf Ey, . The monad

associated to the other component y, [y, so3 is a complex of Koszul-type and hence all
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its cohomology sheaves vanish except for H2 which is a sheaf Cy, of finite length on P2.
Thus, the orbit of y is mapped under the isomorphism X [PGL(V) — MY(r,n) from
theorem 2.6 to the pair (Ey,, Z(Cy,)) := (HCy,w (Y1), Z(H%Cy, {03 (V2)) ).

The two maps T+ : X EIGL(V) — X [EGL(V) in question are given by sending the
orbit GL(V).x of a N-stable (respectively N-costable) point x to the unique closed orbit
in GL(V).x. By a lemma of Kempf, there exists a representative y of the latter and a
one-parameter group A : C=L G such that limy_ o A(t).x =y. If we denote the torsionfree
framed sheaf in M$(r, n) associated to the orbit of x by Fy, we can rewrite the Gieseker-

to-Uhlenbeck maps ”on the sheaf level” as:
M :ME(rn) — MY(r,n); Fx B (Ey,, Z(Cy,)) (2.16)

If we could show the existence of short exact sequences

0~ Fx—— Ey, — Cy, - 0 if  x X" (2.17)
0 - Fx —— Ey = Ext?(Cy,, Op2) - 0 if  x [CX"° (2.18)

it would complete the proof since dualizing (2.17) twice yields Ey, = E)EEDQ,ED%nd
Cy, +PAIAF,. Similarly, taking the dual of (2.18) shows that Ey, = ESTE—H-and
Ext?(Cy,, Op2) EFLFF,. But then the remarks below (2.13) about duality of sheaves of
finite length imply that Cy, TEXt?(F /., Op2) LEXt! (Fx, Op2).

In order to find the two sequences, we consider the decomposition of V into A-weight spaces
SM = {v M | A(t)v = t™v}. The particular form of the given action (2.1) implies that

the limit y is the restriction of X = (ay, a», a,b) to the subspace

1 C 1] 1
1 1
End(S™) [1 End(S™) C[Hdm(S®, W) CHdm(W,S®)
m[Z] m[Z]

of the matrix space M, or more prosaic: Taking A.(t).x and letting t approach zero reduces

the matrices a; and a5 to skeletons of block-diagonal matrices as on page 37 and picks out
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the S%-components of a and b. Now we relate the weight-decomposition to the splitting
. 1 0 1

y; [y] of y: If x is N-stable, thenV = | _,S™, Vi =S and V, = | _,S™ and

. . . —1 0 1

if X is N-costable, it turns out thatV = | _,S™, Vy =S and V, = | _,S™. The

crucial point is that in both cases x|y, =y, allowing us to construct (non-split) short exact

sequences of complexes

0 == Cv, 403(Y2) == Cvw(X) = Cv;w(y1) — 0 if x X" (2.19)

0 = Cyop(1(y2)) = Cviwr@(x)) —— Cyrw () —— 0 if x [CX™  (2.20)

(Recall how we interpret the sheaves in ME(r, n): We pass from x [ZXI"° first via 1 to the

“dual matrix data”, and then to the monad, cf. definition 2.5.)

The complexes Cy, {03(Y2) and Cy 403 (1(y2)) are Koszul and have only non-vanishing second
cohomology. The stabilitity properties of the points X, y; and their images under the map
t allow one to apply the results (i)-(iii) on page 12 to the long exact cohomology sequences

associated to (2.19) and (2.20). They simplify to

0 — HCvw(x) = HCv, w(y1) — H*Cy, 13(¥2) — O, x X"

0 —— H'Cy cwv r(1(x)) = H'Cvrw r1(y1)) = H?Cy,qy(1(y2)) —— 0, x X"

with locally free sheaves in the middle and and sheaves of finite length on the right. The
first sequence is exactly (2.17) as desired. To see that the second one is indeed (2.18), recall
first from page 15 that H'Cy ry r(1(y;)) is the dual of the bundle Ey, = H'Cy, w(yy). It
remains to show that Ext?(Cy,, Opz) = Ext?( H2Cy, {03(Y2) , Op2) mcvzqo}(l(yz)). But
this follows since every free resolution 0 - Rz - R, -~ R; - D - 0 of a sheaf D of finite
length on P? is transformed by dualizing into an exact sequence 0 -~ R{—- R;L RiL

Ext?(D,Op2) — 0 as a brief computation confirms. O
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The fibres
Now we characterize the fibres of the two Gieseker-to-Uhlenbeck maps m..

Let Endnii(V) CEWRd(V) denote the closed, singular subset of nilpotent endomorphisms of

V. Consider the GL(V )-invariant subset
Yy = X" n (Endni(V) CEhdn (V) L0} CHdM(W,V)). (2.22)

of the set of N-stable points. In other words, YV+ is the set of triples (ay, az,b) with the

property that
() ai and a, are commuting nilpotent endomorphisms of V and

(i) there exists no proper aj-invariant subspace S of V such that S contains the image

of the homomorphismb: W - V.

We denote by Quot(r,n) the punctual Quot-scheme parametrizing isomorphism classes of
quotients W [COF. - C where C is an Artinian sheaf of length n supported on a single

point p in C2. It does not depend on the choice of the point, so we assume p = (0, 0).

Lemma 2.8. There is a surjective morphism n : YV+ — Quot(r,n). The fibres are precisely
the orbits of the free action of GL(V) on Y,/”. Thus, the punctual Quot scheme Quot(r, n)

is isomorphic to the (possibly singular) subvariety YV+/GL(V) [CXIGL(V) mf(r, n).

Proof: (i) The map n is constructed as follows: Let (o, ap,b) CYI" be given. Define a
C[x, y]-module structure on V by x.v := ai(v) and y.v := d(v) (here we use [0y, az] = 0).
Since a; and ay are nilpotent it follows that Ann(V) = (X,y). Now we extend the

homomorphism b: W - V to a C[x, y]-algebra homomorhism in the following way:
U:W LcQx,y]— V, w [EB f(a, ax)b(w).

This map is also surjective: Since Im() is aj-invariant and contains Im(b) = (W L{I}),
the N-stability implies Im(Q) = V. After sheafifying, we get a quotient W [O}> - C - 0
with Z(C) = (0,0) and I(C) = n.
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(ii) To show the surjectivity of the map n: Y™ - Quot(r,n), let us start with a quotient
W [O1- C - 0. Multiplication by x and y induces a pair of commuting nilpotent operators
on HOC. Since I(C) = n, we can choose an isomorphism H°C L \dand regard the operators

as endomorphisms aj on V. Consider the induced map on global sections
®:W [Clx,y] — HoC £A

It stays surjective because H'(C?, Ker(9)) = 0. Defineb: W - V by b(w) := @(w DI

It remains to show that (aq, ap,b) is N-stable. Suppose there exists a decomposition V =
S [STwhere S is an aj-invariant subspace with Im(b) S Let wy, ..., w, be a basis of W
and choose a vector vE'[CSI Then the surjectivity of @ implies the existence of f; [CCI[x, Y]
with 1 1

L1 | I |

C T 1T 1. "
V=0 wifi = fib(w;) = aj jkxy" b(wj).
i=1 i=1 i=1 jk

The aj-invariance of S yields xiyXv [Sifor all v CIm(b) [S1 Thus v= CSland consequently
st=o.

(iii) Since Y* [X"S, the action is free by lemma 2.1.(i). Dilerknt points in the same
GL(V)-orbit define isomorphic quotients, hence the fibres of n : Y* - Quot(r,n) are
GL(V )-invariant. Suppose y1,y, [YI* give rise to isomorphic quotients W [Ql - C; then
the induced isomorphism H°C; L Hbc, is given by a g CAL(V) with y, = g.y;1. Hence the
fibers of n are exactly the GL(V )-orbits.

U

Example: Quot(r,1) £P¥! pbecause Y * = {(0,0,b)|b & 0} and Y */C™= P, Note

that this is also obvious directly: All quotients W [Ol -~ O, — 0 are parametrized by
P(W =Q}).

Baranovsky [2] and Lehn [11] proved independently that the punctual Quot-scheme
Quot(r, n) is irreducible of dimension rn — 1. This allows us together with lemma 2.8

to characterize the fibres of the Gieseker-to-Uhlenbeck map completely:
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Theorem 2.9. Let q = (E,vip1 + - +vip) CMO(r,n — k) x S'(‘V)C2 MY (r, n), where
I = I(v) denotes the length of the partition (v) K. Then the fibre of the morphism 14 :

ME(r,n) — MUY (r,n) over the point q is irreducible of dimension rk — | and isomorphic

— | |
Y& /GL(vi) = Quot(r, vi).

to

Two remarks:

(i) Note that although ME(r,n) is non-singular, the fibres m;(q) are not necessarily
smooth since YC+vi is a subvariety of a space containing two copies of End,;(C"1), the

variety of nilpotent endomorphisms.

(i) Similarly to (2.21), let us define Y\, := X" n (Endn;(V) CEAdn; (V) CHOImM(V, W) 1
{0}). Then by symmetry, the fibre of m— : ME(r,n) — MUY (r,n) over the point g

. . —1
are isomophic to Y., /GL(v).

Example: Consider the Uhlenbeck space MY (r, 2) of charge-two ideal instantons.

Stratum in MY (r,2) | Typical element q | n52(q) n-1(q)
Mo(r, 2) E {E} {EF
Mo(r, 1) x C2 (E.p) pE L Pt | pE, Lpit

{W [O}.} x 5(21’1)02 (W [COpe,p1 + po) | PW Bk PWH PW x PW

{w |:O]>2}><S(22)C2 (W O}z, 2p) Y&/GL(2) | YL/GL(2)
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2.5 The tangent complex

We review some facts about the tangent complex for the various compactifications.

The diLerential of the complex moment map u: M - End(V) at a point X = (01, 02, a,b)
is

dx: M —= End(V); (B1,B2,1,8) B [ag,B2] +[B1, a2] + br +sa

and the di Lerkntial of the orbit map ox : GL(V) - M, g 3 g.x turns out to be
dXO-X : End(V) - M1 g l;L ([g! al]! [g1a2]1 _aglgb)
If x [X = u~1(0) then gng(v) =%, M 0= End(v) is a complex with cohomology

e HO = Ker(dx0x) = TxStab(x) £He(R)
e H! = Ker(dxp)/1m(dx0ox)

e H2 = Coker(dxp) = {& CEhd(V) | [01,&] = [012,&] =0,&b=0and a =0}

as one can easily verify using Coker(dxp) = {& CHnd(V)| Lg, Im(dxpn) 3= 0 }, where
vh, Yo (1= Tr(y1 ° y2) is a non-degenerate, symmetric pairing on End(V). Note that if
& [CH? then Im(§) and Ker(§) are aj-invariant subspaces on V with Im(§) [Kkr(a) and

Ker(¢) [Inmh(b). Let us have a closer look at the complex:

Certainly, the dilerential dyxox is injective if x X" [XI"° because those points have a
trivial stabilizer. Furthermore, if x [CX"S then the N-stability implies Ker(¢) = V and

consequently H? = 0. Similarly x [X"° yields Im(£) = 0 and therefore the surjectivity of

dx M.

Corollary 2.10. The Gieseker compactifications M$(r,n) = X =1 and the open subva-
riety of stable points in the Uhlenbeck-compactification MY (r,n) are smooth. The tangent

space at a point X = G.x is modeled by Ker(dxp)/ Im(dxox).
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2.6 Framed bundles on the blown up plane

The description of the moduli space of framed bundles on the blowup of P? at one point in
terms of linear algebra data is the subject of A. King'’s thesis [20]. We sketch his construction
and summarize the results which are important for our applications. Since it is quite
analogous to the construction for the projective plane described in sections 2.1.-2.3., we

leave some of the steps to the reader.

Let V1 and V;, be two n-dimensional complex vector spaces and W L ¢t The suitable a [nel

space in this situation is
NA+ Hom(V1, V2)? CHdmM(V,, W) CHdM(W, Vo) CHdM(V2, V1) (2.22)
and the group GL (V1) x GL(V,) acts on N4y

(91,92).(01, 02,8,b,¢) = (g2 01 97 7, 92 0297 -, @07 -, 02 b, g1¢95 ). (2.23)

The analog of the complex moment map (2.2) is
i N Hom(Vq, Vo) ;  (0q,0,a,b,¢c) B aycop —axcoq +ba. (2.24)

and the zero-fibre Y2 p(0)~t is GL(V1) x GL(V,)-invariant.

a2
/\E
a1

VI&L/VE

Ny A

Figure 2: The quiver for the space of bundles on the plane blown up at a point

A point X = (0q,0d,4a,b,c) is called stable if there exists no pair (S1,S;) [(¥1,V,) of
subspaces with dimS, = dimS; and S; B V; such that a;(S;) [Sb, c(Sp) S} and
Im(b) S} and if there is no pair of subspaces (S1,S;) [C(Mq,V,) with dimS; < dimS;
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and S, 8 0 such that a;(S;) [S1, ¢(S;) [Sdand S; [CKekr(a). We denote the open subset
of stable points in X8y

To characterize the bundles on the blowup of the plane associated to this linear algebra

data we describe the blowup in the following way:

As before, we choose coordinates X, y, z for points in the projective plane P? and coordinates
u,v,w for the points in the dual plane (P?)™ The blowup A2 oflthe plane at the point

0 = [0] 0, 1[s the restriction of the flag variety
F={(Xy,z[Iuv,wDl|ux +vy +wz =0} P31 x (P?)™
to the hyperplane cut out by w = 0. The restriction of the two natural projections
P2 —F— (PHY

to w = 0 are the blowing down map ¢ : H2—1 p2 with the exceptional divisor E given by
x =y = 0 and the realization T : =PI (P1)&bf the blowup as a surface ruled over the line
V (w) in (P

The line bundles Oﬁﬁ(p,q) on H2-ard given by restriction of the line bundles Opzx p2)c(p, q)
to the blowup. The spaces of sections H’Og(1,0) and H°O£(0, 1) of the generators of the
Picard group have bases x,y,z and u,v respectively. The linear system |O(0, 1)| contains
the fibres T of the second projection T : F’Z—J(Pl)c.' The strict transform of the line of
framing L is an element of |O(Z, 0)|. Finally, E CJ®(1,—1)| and E is cut out by the section

S =

ci<
<IX

The monad that associates to the linear data X = (a1, a», a, b, ¢) a vector bundle Gx on the
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blowup of P2 at o has the following form

V2 [Olg

L1
V1 COj
V1 [Olg(—1,0) 1 V2 [OJg(1,0)
1 5 M [0k, o I
|:O} _ a1z -V y 02z —X —01z bz |:O;!
v @1 Xx—caiz O Vv I:I@cu u cv v OAVl @5
02z u ! —
y —Cca2z 0 W |:CIE
az 0

(2.25)
and allows one to pass between the linear algebra data and the bundles. So we obtain by

analogy to the planar case:

Theorem 2.11 (King). The smooth 2nr-dimensional fine moduli space Mo(F2r#h) of
SL(r,C)-bundles with ¢c; = n on the blowup H2ofl the plane at the point o = [Q10,1[]
which are framed along the strict transform of the line L is isomorphic to the geometric

quotient XSA(GL (V1) x GL(V>)).
Cohomological interpretation of the maps: Let G denote the bundle on the blowup
associated to the matrix data X = (aq, 0y, a, b, ¢) via the monad (2.25).

Then the vector spaces Vi, Vo and W have the cohomological interpretation as

vy £HG (0, —1) £HG (-1, 1)
V, £HLG(—1,0) £HG(—2,0)
W LHPG|L ) EH(G|L(-2))

Taking the tensor product of the exact sequence 0 - O(—1,0) - O(0,—1) - O|g(-1) - 0

given by multiplication with the section —s [CH°O(1, —1) with the bundle G and passing
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to cohomology yields an exact sequence

0 - H%le(~1) - HG(—1,0) —=2. H16(0,~1) - HG|g(~1) — O (2.26)

where the map in the middle can be identified with ¢c: V, - Vi.

Similarly, if f; denotes the fibre of the map t : F2—J (P1)“bver the point q = @}, g, []
then multiplication by the section gqou — giv of O(0,1) induces a short exact sequence

0 - G(=1,-1) - G(—1,0) - G|¢(—1) — O which gives rise to
0 - H%l¢, (1) - H'G(-1,—-1) E&u—av) H!G(—1,0) - H'G|, (1) - 0 (2.27)

where the map in the middle turns out to be (gi01 + go02) : Vi — Vo.

This can be used to characterize the splitting behaviour of G along the exceptional line E

and the fibres fy in terms of the linear algebra data:

Lemma 2.12. The framed bundle G has trivial splitting type along

(i) the exceptional line E if and only if ¢: V, —- V1 is an isomorphism.

(i) a fibre fy if and only if the map (g0 + g202) : V1 — V3 is an isomorphism.

Proof: A bundle G restricted to a line | has trivial splitting type along I if and only
h9G;(—1) = 0 = h'G,(—1) and therefore the claim follows from (2.26) and (2.27). O

2.6.1 The pushforward map

There is an nice way to relate the ADHM-data of bundles on the blowup of P? at a point

to the ADHM-data of instantons on P2. Consider the maps

81: Ml v,w — My, w; (a3, 02,a,b,¢c) B (cag,caz,a,ch) (2.28)

82 Myl v,w — My, w; (ag,az,a,b,¢) B (01c,0zc,ac,b) (2.29)
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They preserve the integrability conditions and restrict to maps 6; : ,V2,W —= Xy;wW-
Furthermore, they are equivariant with respect to the GL(V,) < GL(V,) and GL(Vj)-actions
but do not necessarily preserve the stability conditions. Thus, they descend in general only
to morphisms

Oi : Mo(PZ1h) — MY(r, n). (2.30)

It is however not di [Ccult to see that for a point X = (ay, dy,a,b,c) ,V2,W the images
6i(X) lie in X{°\, n X{<y provided that c is an isomorphism. Hence it follows by theorem
2.3.(i1) that on the level of moduli spaces the images ©;(Gx) are framed vector bundles E;
on P2, and one can check easily that o'E; = Gg. These observations together with lemma
2.12 identify both maps ©; and ©, over an open subset of the moduli space with the

push-forward map:

Corollary 2.13. The subvariety U of bundles G in Mo(ﬂh) with trivial splitting type
along the exceptional divisor E is mapped under ©; : Mo(F2#+h) — MY(r, n) to the space

of framed bundles Mg(r, n) on P? and both maps are given over U by 0;(G) = 06.
In the charge n = 1 case, one can say more: From the explicit description

X1 = C2xW\{0}x WA {0}xC
XM = C?xW x WX {0}

XN = CZxW\{0}xwW"

of the various sets of stable points it follows that 6;(>) = X" and 8,(>%5) = X"S. Note
that the dual of a bundle Gx associated to X = (ay, 0, a, b, ¢) is isomorphic to the bundle Ggr

associated to the dual data X' = (aq, 05, —b",a",c). This can be checked by conjugating
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the matrices

[T 11 1 L1

cu

oy u 1 ] —

' X—Coiz Oz y—copz a'zp5

Ul == = V) = H

-V 0 u 0 0

Fa1Z V
bz 0

of the dual of the monad (2.25) by the automorphisms

1 1

0.0 0 -10

540 -1 ¢ 0 e
Oieft = idc2,  Omiddle = 01 0 0 0 }5—Oright = Iiil OE

T 1-c 0 0 O ot

0 0 O 0 1

Using this, corollary 2.13 and the moduli-interpretation of the quotient X"¢/C™= MS(r, 1)

from 2.3.3., we obtain:

Lemma 2.14. The surjective morphisms on the level of moduli spaces induced by the maps

01(aq, az,a, b, c) = (caq, cay, a,ch) and 8,(ay, as, a, b, c) = (cay, cay, ca, b) are

O1: Mo(PZrd) — MS(r,1); 638 o¢y and
02 : Mo(PZrd) — ME(r,1); GO o6
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3 Partial desingularization of G.l.T.—quotients

Frances Kirwan introduced in [22] a method to resolve the set of strictly semi-stable points
of any geometric invariant theory quotient X [Glby stratifying it and blowing up the strata
step by step in a clever way. We first summarize her technique and apply it then in our

context to the Uhlenbeck space MY (r, n) regarded as an a [nelquotient X [PGL(n).

3.1 Kirwan’s technique

Let X be an a [nelor projective variety and G be a reductive group acting linearly on X.
For any reductive subgroup R of G denote by Zr [Xl the set of points in X which are
fixed by R. Let N denote the normalizer of R in G. Then Zr n X5 coincides with the set

Z2 of semi-stable points for the induced action of N on the fixed point set Zg.

Now consider the variety of translates G.Z3*> of Zg> under the group action. Notice that
G.Zg, LGz if R, [RY, and that for two conjugate reductive subgroups R the corre-

sponding varieties G.Z2* coincide.

For each 0 =< r =< dim(G), we choose a set of representatives R(r) of conjugacy classes of
connected reductive subgroups R [CQ of dimension r for which Zg n X35 is non-empty.

These R(r) turn out to be finite sets, and we call the varieties of translates
G.Z% = G.(Zr n X®), R [R(r), 0 <r <dim(G) 3.2)

the Kirwan-strata of the set X35\ X of strictly semi-stable points.

Lemma 3.1 ([22]). The Kirwan-strata G.Z3> are algebraically isomorphic to the twisted
quotients G < Zg* and are closed, smooth subvarieties of the open set X®° of semi-stable

points in X.

Let 0 : X1 X denote the blowup along the closure of G.Zg in X with exceptional divisor

E. The original action of G on X induces an action on the blowup Y-Kirwan’s important
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observation is that there exists a linearization of the lifted action with respect to the tensor
product of Oy (—E) with a su [ciehtly large power of the pullback of the hyperplane bundle

on X such that:

(i) n71(x®) >Ehnd nOEs) CXFs.
(i) Neither R nor its conjugates fix any semi-stable point in Y-

(iii) The induced quotient map T : X8 G . X [Glis the blowup of the image Zg [N in
X [G of the stratum G.Zz& £-6lxy (Zg n X%9).

According to (i), stability and unstability are preserved under blowing up. The goal is to
force the strictly semi-stable points of X step by step to become “more stable”. Property

(i) is the key to achieve this:

If we take the dimension r of the reductive subgroups to be maximal and blow up X
sucessively along the closures of the strict transforms of the smooth strata G.Z3°, R [R(r),
we obtain a birational map Y- X such that no reductive subgroup of dimension r fixes
any point of X;Hue to (ii). Moreover the space X;oes not depend on the order in which
we blow up for the following reason: For distinct Ry, R, [CH(r), the Kirwan-strata G.Zéfl
and G.Zg are disjoint and the semi-stability of points in G.Zg’ is preserved under the

blowup along G.Zg> and vice versa.

Performing this procedure repeatedly, the maximal dimension r of stabilizers of strictly

semi-stable points will decrease after each step, and we obtain a space

g B 6y — - el X (32)

with the property that = This implies in particular that all points have now at

worst finite groups as stabilizers.
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Proposition 3.2 ([22]). The variety X4 G is obtained by blowing up X LG successively
along the strict transforms of the images Zr [Nl [XI [Glof the strata G.Z5® in decreasing
order of dim(R). This blowup X-BG1—_ X [Glagrees with the G.1.T.-quotient map induced
by the morphism & : XL, X from (3.2) and is an isomorphism over X$/G. If X is smooth,

the map ¢ is a resolution of X [CG up to orbifold singularities.

Caveat: The closure of the smooth stratum G.Zg in X along which we blow up might
be singular on the boundary. In that case, one can blow up along a Hironaka-resolution of
G.Z$ instead. This does not aledt the procedure since the possible singular points on the
boundary are all unstable, cf. [22], p. 61. We will not have to worry about this because in
the case of the a [nelUhlenbeck quotient X = X3°, and the strata G.Z2> = G.Zg are closed

in X.

3.2 Application to our situation

We apply now Kirwan’s procedure to the quotient X [PGL(V) which we identified in
theorem 2.6 with the Uhlenbeck space MY (r, n). The resulting NiG-h) := YXHGL (V) will
be the total space of the new compactification: Away from the exceptional sets which form
a normal crossings divisor, the variety NHr+h) is by theorem 2.3.(ii) and proposition 3.2

nothing but the moduli space Mg(r, n) of framed bundles which we want to compactify.

The property that X is an a [nelvariety has two immediate advantages: There are no un-
stable points in X and therefore the strata GL(V ).Zg> = GL(V).Zg are closed subvarieties
of X. Furthermore, for any point X [X having a closed GL(V )-orbit, the stabilizer of x is
reductive. A disadvantage is that X is singular. However, the singularity set of X is con-
tained in X535\ X3, the set of strictly semi-stable points along which we blow up sucessively.
At the present moment, we do not know whether the variety Ni{r-#) obtained by Kirwan’s
method has singularities other than the ones resulting from non-trivial finite stabilizers. In
the case of charge one, the space NF4) is a smooth variety as we will show in theorem

5.2.
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We have to determine the form of the Kirwan-strata:

Theorem 3.3. The strata GL(V).Zr [X in our situation are indexed by partitions of
k {1,...,n}

(")_(Yﬂ_mﬂ_m\fﬁ_mﬂ_h YtL VP LK vizve ==

The reductive subgroup of GL(V ) associated to such a partition is

- l L]
—1 —

RM = lden« T (g CIdem) i CGL(vi, C)
i=1

and the smooth, closed Kirwan stratum GL(V ). X consists of the the points in the inverse
image of Mg(r,n — k) x SF\,)C2 under the projection m : Xyw — MY(r,n) which have a

closed orbit.

Proof:

() “TLet x = (ay, 0o, a,b) I Y(Mp(r,n — k) x S(V)(Cz)). Since GL(V).x is closed,
lemma 2.1.(iii) implies that there is a unique splitting V = V; V4, X = X; [X3 with
dimVi =n—Kk, X3 CX7®\y 0 X{7w, X2 [ Xy, (03 and GL(V2) . Xz closed. As in the proof
of theorem 2.6, we can find a g [CAL(V>) such that

L1 L1
[ I —

go.xp = L1 diag( Ny APy Tk, diag( iy i) Cdemi, 0,0 L1

i=1 . i=1

Vi Vi

Due to lemma 2.1.(i) we have Stabg (v,)(X1) = {ldy, }. Letting g = Idy, [ga we get
Stab(g.x) = {ldy,} CSHlabgy ) (02.X2) = R and hence g.x [Zgwy. Thus we obtain

(i) “ COlet x [G.Zge). Then thereisag CG@L(V) such that xP= g.x fullfills Stab(x" =
RM. The form of R™ induces a alinvariant splitting V. = V,”[Z}] where dimV,;"= n —k
with V7 CKer(a and V,~ CInh(bY because a¥~ = aand rb™= b On the other hand, since

the orbit is closed we also have the standard splitting V = V; [MJand by definition of V; it
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follows that V; [Vj-and V,” [V3. Since dimV; = dim V"= n—k the two splittings coincide.

Following the recipe in the proof of theorem 2.6, one gets x" I 2 (Mg(r, n— k)XS(V)CZ). O

Example: The strata for the Uhlenbeck space MY (r, 3).

{1} < {1} xCcH

Diagram | Subgroup R | dim(R) | Kirwan stratum GL(3, C).Zr
EEE GL(3,C) 9 n ({W [Op2} x S} (C?))
= GL(2,C)xCH| 5 nH({W COp2} x S3,,(C?))
ﬁ ctkctkcH |3 n ({W [Op2} x S% | 11(C?))
] {1} xGL(2,C) | 4 Y Mo(r, 1) x S%,(C?))

H {1} xctkcH| 2 Y Mo(r, 1) x S2 1,(C?))

O

1 (Mo(r, 2) x C?)

There is also an explicit description of the strata in terms of the matrix data: The elements

X = (0g,02,8,b) [Zk, for a stratum G.Zg) associated to a partition (v) have the form:

a” | 0 0 ol | 0 0 a®
|
9 agl) agl) {
5 | 0
0 0
o) 0
0 et 0 al 0 az 0
with

- af?, 0l CEnd(C"%)

e a® =a" dyy; forj=1,...1;i=

1,2, where 8% CEnd(C™)

« a® [Hom(Cc"k,C") and b® Hom(C",C"%),

where [0{?, a{?] + b@a® =0 and [0, aP1=0for j =1,...,1

0
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4 Dual pairs

In order to give the points in the exceptional sets in the Kirwan-“desingularization”
N = XHGL (n) of the Uhlenbeck space a meaning in terms of vector bundles, the first
idea that comes to mind is to consider the objects on the boundary of the closely related
Gieseker compactification. Recall that these torsionfree framed sheaves have presentations
0 -~ F - F™, C - 0. The sheaf C is supported on a zero-scheme in P2 which begs to be
blown up. Natural candidates for the new objects on dNH+#) are suitable modifications

of pullbacks under such blowups.

However, it turns out that already in the charge n = 1 case there are ”too many” possible
lifts if one considers M &(r, n) alone. Now the variation of G.1.T.-quotients for the Gieseker
space over MY (r,n) studied in 2.2 - 2.4 starts to pay o[C_IThe problem will be overcome
by considering pairs (F+, F—) in the fibred product M&(r, n) XMU (r,n) ME(r, n) fullfilling
a certain duality condition instead of working with a single torsionfree framed sheaf. We
adapt and extend the notion of dual pairs introduced by Artamkin [1] in a diLerent context

for semi-stable sheaves to our purposes.

Uhlenbeck space to vector bundles on blowups with splitting type (—1,1,0,...,0) along the
exceptional divisors. Then we investigate the general case in 4.2 and close the chapter with

some remarks on the tangent cones to the length-strata of the Gieseker compactification.

4.1 Lifts over the (1,1,...,1)-stratum

Torsionfree framed sheaves contained in the fibres of the two Gieseker-to-Uhlenbeck maps

.....

presentations

0-F+——E— Op-0 and 0-F-—E% 0O -0
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where the maps b and a are given by specifying elements (by, ..., bk) [CP(E;) - < P(E;)
and (a,...,ax) CPIEp,) < - xP(Ep,), cf. theorem 2.9.

Definition 4.1. Such a pair (F+, F-) CME(r,n) <yu(.n ME(r, n) of torsionfree framed

sheaves on the projective plane is called (E, p1+- - -+pg)-dual if bj(aj) =0 foralli=1,...,k.

Let o : F2=1p2 pe the blowup of P2 at the points py, ... , px and denote the exceptional lines
by Ei,...,Ek. Dual pairs of torsionfree framed sheaves can be obtained as push-forwards

of a vector bundle on the blowup and its dual down to the projective plane:

Theorem 4.2. Let G be a framed bundle on the blowup H2-sudh that the sheaves F, := 0§

and F— := o6& have presentations

N S— I S—
0-F+-E-% Oy -0 and 0-F--E"-S 0O -0, (4.2)

i=1 i=1

where E := (o§)™and EM:= (o6 ™hre bundles in Mg(r,n — k). Then

(i) The bundle EUis isomorphic to E™and (F4,F-) is an (E,p1 + - - - + py)-dual pair.

(it) The vector bundle G has splitting type G|g; = Og;(—1) [QOF, (1) C(d— 2)Og,; along

the exceptional lines Eq, ..., Ek.

Proof: The question is local around the points ps,..., pk. Therefore we assume for sim-

plicity of notation that k = 1 and omit the indices.

(i) The natural map o{65'—— (06)™¥s an isomorphism away from the point p and hence
its dual E = (0:6) ™ (06D~ F s an isomorphism which implies E-EFIT= gD
In order to show that (F+,F-) is a dual pair, we have to prove ba = 0. Pulling back the
presentations (4.1) of F+ and F_ to the blowup A2 arb dividing out the torsion Og(—E)

of o"R. along the exceptional line E, we obtain elementary modifications

0.6y — o220 -0 and 06— ocB2% 0 -0, 4.2)
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where G := o™”../Og (—E) are locally free. The pullbacks o''and o'& can be identified
with the original maps b and a down on P2, e.g. Hom(c'E, Og) = HO(P?, o (g 'EHO})) =
HO(P2,EH"Gd9e)) = Hom(E, Op), using the projection formula. If we take the dual of the

second sequence (4.2—) we obtain

0- 0¥ — G-~ Og(E) - 0 4.3)

since Ext!(Og, Og) = Og(E). Now consider the canonical map oc'"Fy = otdig — G
which is an isomorphism away from the single fibore E = o~1(p) and hence injective. It

factors through c™”,+ — G4 — 0 and we get a short exact sequence

0 - G+ I G s Z+ - 0, (44)

where the cokernel Z. is supported on E. Similarly, after dualizing the analogous embed-

ding of the bundle G_ in G ™ve obtain

We can combine (4.2+), (4.3), (4.4) and (4.5) nicely into the diagram

0 0 (4.6)
]
o B & B, §
O
O O B
0— Pg- > B  BeE) W
b 13
L] [l
O —
L] [l
0 0

It is not di Ccult to see that Z, = Og(E) and Z_ = Og which implies that the dotted maps

are given by non-zero constants. Applying Hom( -, Og) to the second row in the diagram
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we obtain

0 — Hom(Og(E),Og) — Hom(G5'Og) —Z?Hom(o@,oE) =, Ext}(Og(E),Og) (4.7)

Tracing through the definitions and noting that Ext!(H2-0L(E), Og) L Hom(Og, Oe),
one can show that the connecting homomorphism 9 is given by 3(¢) = ¢ - a. On the other
hand, we deduce from the diagram (4.6) that d(b) = 0 since k - b = {(§) for a constant

K 8 0 and hence ba = 0 as required for a dual pair.

(i) We first determine the splitting type of G+ by restricting the sequence (4.2+) to the

exceptional line E:

0 - Torf(Og,0g) - G4 — OF 2% Og - 0.
i 1 i
The kernel K of the map b|g is a vector bundle on E and hence K= Og(d;) with d; < 0.
Since deg(G) = 0 it follows that K is the trivial bundle O,rz_l. One can easily check that

T orff(OE, Og) = Og(—E) and hence express G4+ |g as an extension
0 - Og(l) - G+lg -~ OF* - 0.

Since all of those split, we obtain G+|g = Og(1) ECIEl. The bundle G in turn sits by (4.6)

inasequence 0 - G+ - G =, Oe(E) - 0. Its restriction to E is

0 - og ‘) oL (1) tof? — Gle 25 Og(-1) - 0

where we use that T orfﬁ(OE(E), Og) = Og. The kernel K of g|e is again a rank (r — 1)-
bundle on E. Hence the linear form [Chas to be zero since otherwise KPwould contain
a factor Oq(1) for a point ¢ [CH. Therefore we can write KFP= ii:lé Oge(dj) COE()

with di = 0 and consequently K”'= O ™2 [COE(1) since deg(K) = 1. The vanishing of
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HY(E,OL 2(1) COE(2)) implies that the extension
0 -~ Of 2 [COE(L) - Glg - Og(-1) - 0

is trivial and thus G has splitting type (—1,1,0,...,0) along E as claimed. O

Theorem 4.3. Conversely, given a (E,py + ... + px)-dual pair (F+,F-), there exists a
framed bundle G on the blowup HZ-with c1(G) =0, c2(G) =n and G|g = Og(—1) [OE(1) 1
OE‘Z such that (F+,F-) = (0(§,0(6D). The set of all such lifts G of the dual pair
(F+,F-) is parametrized by the a [nelspace IE‘Hom(OEi(Ei), Okg;) L gk,

Proof: We assume again without loss of generality that k = 1. Given a dual pair
0~ Fr—E-20p~0and 0-F_ — E-% 0,0

we get exactly as in the proof of the last theorem two short exact sequences (4.2+) and
(4.3) after pulling back the presentations of F. to the blowup and subsequently killing the

torsion. It is instructive to write them in the form:

0 ) (4.8)
0
0 B
o CIIid, I:I:E@ [T Tid, (g) CI 1
O
N
0—1'g—6L L —loe(E) —W
b g U
O ]
O Og
O
O ]
0 0

To find a lift G on the blowup, all we need is a map & : G-~ Og with £ = b. But a look
at the sequence (4.7) shows that the assumption d(b) = ba = 0 of (F+, F-) being a dual pair
guarantees the existence of Hom(Og (E), Og) £-€E-many such maps &. As an elementary

modification of GSalong E, the sheaf G is locally free. We can now easily complete the
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diagram (4.8). Since 0 @g(E) = 0, pushing the diagram down to P? identifies its first two
columns and shows that indeed 0§ = F4. Similarly one can verify that c{¢5'= F_ by
dualizing (4.8) and pushing it subsequently down to the projective plane. The statement on

the splitting type of G along the exceptional line E follows exactly as in theorem 4.2.(ii). O

How should one think about lifts of dual pairs?

There is an intuitive way of how to think about the lifting process and the choices involved,

described here again only for (v) = (1):

Step I. Starting with a dual pair (F4, F-), we pull back its two components to the blowup
BZhnd eliminate the torsion along the exceptional line E. We denote the resulting bundles

by G+ and G_.

Step II. Now we somehow have to “fuse” the bundles G, and G-into a new one, G,
with adjusted Chern-classes. Here we have diLerknt choices how to do this: If we take the

quotient by G4 of the second row in (4.8), we get immediately the sequence

0— 9 g/, Be(-1) — . (4.9)

= The sheaf G5/G. in the middle measures the “deficiency” of the original pair (F4+, F-)
from being locally free: If F.. were a vector bundle E and F-_ its dual, then G5/G.+ would
vanish since G5= (6'BH%= ¢'F = G,.. To identify GE/G.. as a sheaf, note from (4.9) that
it can be supported only in a neighbourhood of the exceptional line. Hence we can forget
for a moment about the framing of the objects involved. As unframed sheaves, F. and F_—
are both isomorphic to 1, COJ;*. Then G Qﬁf(—E) ECIEl and G_EL@&(E) ECIEl.
The composite map G+ — ¢'E - GIn (4.8) is given by (s%,1,...,1), where s cuts out the

exceptional divisor E. Hence

676+ = O%(E)/Og(—E) £-0ke.
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= The sequence (4.9) as a whole determines how the bundles G+ and G -are “glued together”.

More precisely, a quick study of (4.7), (4.8) and (4.9) shows:

Lemma 4.4. The choice of a lift G for a given (E,py + - + px)-dual pair (F+,F-) in

theorem 4.3 is equivalent to the choice of a splitting s of the exact sequence

o b, @ge, — Thb 1§ (4.10)

(I
S
1
A preferred natural choice for the splitting s is given by GE/G. %i — Og -0,
the map which forgets the non-reduced structure of the 1st-infinitesimal neighbourhoods 2E;.

It corresponds to the choice of the origin in ii;:1 Hom(Og, (Ei), Og,) £€¥,

A remark on dual pairs and 1-dimensional deformations

_ _ b 1
Given a torsionfree framed sheaf 0 -~ F+ - E — C+ =  Op, — 0 on the bound-

ary of the Gieseker compactification M$(r, n), there is a natural way to construct a dual
partner F— [CWS(r,n) using infinitesimal deformations: Consider & [Tz, ME(r,n) =
Ext!(F+, F+(—L)). Dualizing the induced extension 0 -~ F4 - R — F4(L) — 0 yields an
exact sequence

where C_ := Ext!(F4,0) COp2(—L) £-Ekt?(C, O). The connecting homomorphism 3(£)

is surjective if and only if

g CEKE(Fo, Fo(—L))  fullfills  3(&)p, 20 foralli=1,...,k (4.11)
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or in other words if “deforming in direction & cancels all singular points p;”. In this case,
0 - F- > E':P—(Q C— - 0 is a candidate for a dual partner of F,. Let us check that

(F+,F-) is indeed a dual pair. We have:

Ext?(E, F+(—L)) = Extz(E, E(—L)) =0

EXt(C., iy (—L) ¢ Ext?(C., E(-L)) X Bxt?c,,ce) — @
PYSAY I:, D
Ext!(F., Fo(—L)) FEEI T T T lom(E S to) T 0, TI)

It is not di [cult to see that (Fo@-d)(§) = §(¢) and that gy F 1 is given as multiplication
by b [CHom(E,C4+). Hence b-6(€) = 0 as expected. The following result of Artamkin [1] for

semi-stable sheaves holds in our situation as well:

Lemma 4.5. Let F [Coh(P? x Al) be a flat deformation of the sheaf F. £-F, over the
base Al such that there is a vector & [Bxt'(F+,F+(—L)) tangent to the deformation F

which fullfills condition (4.11). Then:

(i) All singularities of F4 are removable in F which implies that F is reflexive and F;

is locally free for general t.

(ii) Let F— := Ker(3(¢)). Then F™s a deformation of (F9% £FL and (F4,F_) is a

dual pair.

(iii) Consider the sheaf G := (0 x ida:)F on the threefold F2>-ALl. Then ¢™is locally
free and the bundle (G™3} on the blowup HZish lift of the dual pair (Fa, F_).

Remark: One can show that for sheaves F, of the form above a one-dimensional defor-

mation with a tangent vector fullfilling condition (4.11) always exists.
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4.2 General lifts

We turn now to the general situation. Recall from theorem 3.3 that the Kirwan stratum
GL(n).Zg) associated to a fixed partition (v) = (v1,...,Vv), v1 = --- = v, of the number
k, 1 = k = n consists of the points in X lying over M(L\J,) = Mp(r,n — k) x S{‘V)C2 in the
Uhlenbeck space MY (r,n). The inverse images of the strata M(‘j) under the two Gieseker-
to-Uhlenbeck maps 1+ are by theorem 2.9 fibrations M(“—;) over MY

V)
but irreducible fibres ii=1 Y */GL(vi) %Quot(r,vi).

with possibly singular

Consider arbitrary pairs (F+, F—) CME(r,n) x ME(r, n) of framed sheaves on the bound-

aries of the two Gieseker spaces. They have presentations
0o Fy——Er-%Ci»0 and O0-Fy——E_ —C_-0 (4.12)

where E. := FMare locally free and C.. are sheaves of finite length. It follows from
theorem 2.7, that the conditions for the pair (F4, F-) to be a point in the fibred product

“+ —_
Mw) XM&) M, are

—
() E-+eH (i) c- £EM?(C.,0p,) and (i) C+=  CL with I(CL) = v;.
i=1
Condition (i) & (ii) guarantee that the two framed sheaves F. are mapped to the same
point in MY (r,n) and (iii) forces the image to lie in the stratum M(‘j). The second Chern

classes of E+ and E— are then n — k and the common cycle associated to C, and C— is of

the form vip1 + - +vip;.

+

V)’
sheaves of schemes Z; [CHilbVi(C?) with points p; as their underlying reduced schemes,

Remark: Note that on an open subset of M, the sheaves C. are direct sums of structure

cf. Lehn [11]. The fibration M(J;) is irreducible since due to theorem 2.9 all of the fibres are.

Hence generically, condition (ii) says that

C+ =0z, [ [0}, and C-=wz [} [Ca3,
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We are now in the position to define dual pairs in general:

Definition 4.6. Let (E,vip1 +--- +v|p;) be an element of M(L\J,). A pair (F+ F_) of tor-

sionfree framed sheaves in ME(r,n) x MS&(r,n) is an (E,vip1 + - -- + vip;)-dual pair if

(D1) it is a generic element of the fibred product M(:) ><M(u) M(;), or in other words if the

two sheaves F. have presentations

N — .,
0-F+——E-- Oz -0 and 0-F_-—E-S oz -0 (413)

i=1 i=1
with (Zi)req = pi, cf. properties (i)-(iii);

(D2) the image of (bj,a;) under the canonical pairing HO(E-1T0OF,) x HO(E C@},) - C

vanishes.

We call Z = Z; - [Z] the support of the dual pair (F+, F-).

The new base surfaces

For a fixed partition (v) = (v1,...,vy) of k [{1,...,n} with v, = .- = v, and a given dual
pair (Fs,F-) LI, xyu Mg, with support Z = Zy [ [Z), we let oy : g2 p2

denote the surface obtained by blowing up P? at the reduced points py,...,p; underlying
)

Z. The zero-dimensional part Z;™ of the of the inverse image of Z; under the blowup lies

entirely on the exceptional line Ei(l) and generically I(Zi(l)) =1(Z;)—1, cf. lemma 4.8. Note

Iqlzji) =z®. 1

a second step, we blow up the surface @along the reduced points underlying the Zj(l).

that these new zero-schemes can have several irreducible components n

Continuing this blowup-process, we obtain after v, steps a surface
. — 1 03 o OJ 2
o: Przfi=pE T ... % gzl grolp

containing I(v) trees of projective lines with (—1)-curves Fj := Ej(vl) as leaves. The process

is depicted schematically in figure 3.
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Figure 3: The blowup procedure.

--—- Pl-leaves

—— projective lines
+ places where
blowups happened

F2¢z)

The lifts

Generalizing the method from section 4.1, we construct lifts of such dual pairs (F+, F-) to

framed vector bundles G on F'@

Theorem 4.7. Let (F+,F-) EM(’;) MY, M,y be an (E, vaps + - +vip;)-dual pair with
support Z = Z;, [=I- [Z]. Then on an open subscheme of M(’;) ><M(u) M(;) there exists an
SL(r, C)-bundle G on the surface P22} -~ P2 with ¢, = n and (01§, o6 = (F+, F-).

The bundle G has splitting type

LI ™t
(-1,1,...,-1,1,0...,0)
along all lines with self-intersection —k in the trees, thus in particular type (—1,1,0,...,0)

P @
along the leaves Fj. The lift G is unique up to a choice of an element in C?**2 i !(%")
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which can be more intrinsically regarded as
1

w1 1 Lt
1

L1 Hom OE(i) Ej() ,OE_(i) 1 HOO 0 EEPO.) 0} I,:I (4.14)
. i ] . % %

i=1 j=1 j=1

where t(i) denotes the number of blowups at step i.

Interpretation: This procedure should be roughly thought of as an algebro-geometric
analogue to Taubes bubbling technique [8] in dilerkntial geometry: He replaces the ideal
instantons which form the boundary of the Uhlenbeck space by honest instantons on a new
manifold obtained by bubbling o frees of 4-spheres from the given S*. We replace a pair
of torsionfree sheaves on P? by an honest vector bundle on a new algebraic surface obtained

via blowups that contains trees of projective lines.

Proof: Since the question is local around each point of the support of vip; + - + vpy,
it is again enough to consider the cases where the partition (v, ...,V|) consists of a single
integer v1 = k. The case k = 1 has been treated in theorem 4.3 and may be regarded as the
start of the induction. Instead of writing down the general step k - k + 1 and wrestling
with a myriad of indices, we believe that it is more instructive to give an idea of how the

inductive step works by illustrating the case 1 - 2:

Starting with a (E, 2p)-dual pair (F+, F-) with support Z g’(xz,y), we can deform the

first component F. into a simpler sheaf:

0 I=: {2 I3, gl (4.15)
: ji] I
0 [Br ij [g)

Here ¢ : Oz — Op - 0 is the natural map that forgets the non-reduced structure of Z and

o+

FP denotes the kernel of the composite ) = b. The surjective map ¢ has kernel Op. Writing
down the analogous diagram for F— shows together with property (D2) that (FY,F®) is an

(E, p)-dual pair on P2.
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If we pull back y to the blowup o7 : Fl%—TIPZ we obtain an exact sequence

0 - Og(~q) - O - o, Z¥ 0o L 0. (4.16)

for a point g on E specified by the tangent vector of Z. Hence 0{©z = Og Q4. We prove
this important step separately for generic Z in lemma 4.8.

Lifting (4.15) to the blowup, deleting the torsion along E as in the proof of theorem 4.2

and applying the snake lemma, we get:

0 (4.17)
|
0 Oq
|
0 Iﬂ_._ @]I_‘_E @E O} —@
0 &
0 [RP. [§LE D (g
0 O
Oq 0
O
0

with R+ := 0[R./Og(—E) and R, := ¢[RP/Og (—E). Notice that R. fails to be locally
free due to the contribution of Oq. We could almost apply our induction hypothesis to the
first column of the diagram if the sheaves R+ and R®. had not [—E] as first Chern class
instead of ¢; = 0 as desired. In order to adjust them, we proceed in two steps:

Step I. The fact that (F},FP) is an (E, p)-dual pair allows us to exploit the first step of

the induction. By theorem 4.3, we can construct a lift RP on Iﬂ%fsit'(ing conveniently in
0-RY— RP— Og(E) -0 and 0 - R?” — (R)M-- Og(E) -~ 0. (4.18)

We have a choice of Hom(Og (E), Og) for the lift RP.
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Step II. Now we display (4.18+) and the first column of (4.17) whose Chern classes we

want to adjust as follows:

& 0 (4.19)

O
Oe(E) —— Ok (E)
O
B O
0 0

We have to find a map B with B o g = f. Since Ext'(Og (E), Og) = Hl(E,Oq(—E)) =0it
follows that such a map exists and that we have Hom(Og (E), Oq) = HOOq -many choices

for it. Let S denote the kernel of (3.

As in the proof of theorem 4.3, we can now complete the diagram and observe that pushing
it down to P? identifies the first two rows. This implies immediately that o;{54+) L.
In exactly the same fashion, we construct from (4.18—) and 0 -~ R- - R? - 0Wq — 0 the
corresponding dual partner 0 - S— —- (Rp)':'—“_, g — 0 with 0;5-) = F—, having a

choice of HO%y.

Now we are finally in the position to apply the induction hypothesis to the (RP, q)-dual pair
(S+,S—) on the blowup P2-anl obtain after another choice of Hom(Og (F), Og) the desired

lift G on o : P2z} 22, P22 p2 with

(066,06 = (01060206), 010026 D)) = (01(B+), 01(5-)) = (F+, F-).

1 hypoF;F]e?is O o lnductr_cf_li]_lstep O
Summary of all choices made: Hom(Of (F),Or) [—Hom(Og(E),Og) [HPO,; [HPw,.
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It remains to show that G has the splitting types

(i) G|r = Or(—1) COE(1) COf? along the leaf F.
(ii) Glg = Og(—1) [COE(1) [OE(—1) COE(1) COL* along the (—2)-curve E.

Since (S+,S-) is an (RP,g)-dual pair on the blowup Fll,qrt (i) is a consequence of the
induction hypothesis. For (ii), note that Rpy|e = Og(—1) [COE(1) IZ(IE2 by theorem 4.3.
Restricting the pullback 0 -~ K - ofRP - O - 0 of the map B : RP - Oq from (4.19)
to the strict transform of E under o, : P22} — Fllz——wé obtain

0- Toriﬁ(z)(Op,OE) ~ K|g - Og(-1) [OE(1) COL>2 o2Ple Ogo - 0,
where g = F n E. Since the torsion sheaf vanishes it is easy to check that K|g =
20g(—1) QL) Ecl_?’ by examining the map ojf|g. But due to the construction,
the lift G sits in a short exact sequence 0 - K -~ G - Og(F) - 0, cf. (4.8), which becomes

0 - Og(—1) LOE(1) LOE(-L) IZ(IE3 - Glg - Og¢(1) - 0 after restriction because
T orf(z)(o,: (F),Og) = 0. From this sequence we obtain part (ii). O

The following postponed lemma completes the proof:

Lemma 4.8. Let Z [CHilbX(C?) with Z,eq = p and dim TpZ = 1. Then the pullback of the
forgetful map y : Oz — Op — 0 to the blowup of PZatpisofy : Og Ok~ Og - 0

where Zis a zero-scheme supported on E of length k — 1.

Proof: We can choose coordinates such that the ideal of Z is my-primary. The genericity
condition dimT,Z = 1 is equivalent to Iz IIm§. This in turn means that Z is curvilinear
and hence 1 = (xK,y) after possibly changing coordinates. In the chart of the blowup

given by x = x"and y = x'y the pullback of the map y is

Cxy (Y - (x* Ly — xSy (<ExyY ey (<Y - o.

The exceptional divisor E is cut out by xJand hence '@z = Og [CO}oas an Og-module
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with ZP=V (x*~1 y§ and therefore ') : Og Oy~ Og - 0 as desired. O

Relation between moduli of bundles on blowups and the fibred products

+
M(v) XMy

) M )

For a fixed given partition (v) = (v1,...,V)), let M denote the family of “all possible” moduli
spaces MO(F’@, r,n) of framed SL(r, C)-bundles with ¢c; = n on blowups F'@)‘G—(i) P2,
obtained by varying the surfaces F'@ Its index set is given by all supports Z = Z; .1 [Z]
of dual pairs (F+,F-) IZIS}'I(“;) XM(L\’)) M(;) and can hence be identified with the product
IEIHiIb"i of punctual Hilbert schemes. The dilerent types of surfaces F'@)| induce a

stratification on the latter.

We believe that M carries a scheme structure. Denote by Npungie the dense subvariety of
M consisting of bundles G on surfaces F’@ having trivial splitting type along all lines in

the trees of F’@ Furthermore, let Npoundary be the subvariety of bundles G with splitting

type

_2 1
Gle =Og ™ [1 (Oe(-1) COK(1)) (4.20)
i=1
along all projective lines E in the surfaces F'@ surface with self-intersection E2 = —k.

As a consequence of theorem 4.7 and main result of this chapter, we obtain the following:

Theorem 4.9. Let N denote the subvariety Npyndle [Npoundary Of the family of moduli

spaces M = {MO(F’@, r,n)}. There exists a morphism
©: N —— ME(r,n) Xyuem ME( D) G B (0(2)6, 0o(2)E ),

whose restriction to Npyngle maps onto the space of framed bundles Mg(r, n). The restriction

of © to Npoundary has image contained in M(J;) XM(L\J}) M(;) and a [nelspaces CH as fibres.

Generically, the dimension of a fibre is pumin = 4k — 2I(v). The maximal possible fibre
Cie!

dimension is pmax = kK + ;2] vi2 and all even integers | between ptmin and Pmax OcCcur as

fibre dimensions.
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Remark: The number p can be determined in a neat combinatorial way by associating
weights to the nodes in the I trees of lines in the surface F’@ [ [Z]): To each node q
except for the | vertices p; = Zj req associate the number of nodes in the sub-tree having q
as its vertex. Let t denote the sum over all these weights. Then t = I%EZJ-“)) in theorem

4.7 and therefore p = 2(k +t). This method is illustrated in figure 4.

Figure 4: The various surfaces F’@ with I(Z) =4, Zeg = p

generic case
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4.3 On the tangent cones of the length strata of the Gieseker space

Consider arbitrary torsionfree sheaves 0 - F - E - C - 0 on the boundary of the

Gieseker compactification MS(r, n) and let T(F) denote the length of the cokernel C.

Let &/ [CQoh(P? x S) be an arbitrary S-flat deformation of framed sheaves of F = F,.
The function s 3 T(Fs) is upper semi-continuous. Define S=X = {s|t(Fs) = k} and SK =
{s|t(Fs) = k}. We look now at tangent vectors & [Ext*(F,F(—L)) to the deformation

JF of F. They induce extensions 0 -~ F - R - F(L) - 0 and hence sequences
0. FT) - R™L ¥ Extl(F, 0) LEXE(C, 0). (4.21)

Consider the cones CK = { ¢ [CExt}(F,F(—L) | I(Coker(3())) = k} in the tangent space
Ext'(F,F(—L) of M®(r,n) at F. There is a (relatively) explicit description of the tangent

cones to the length-strata S= in terms of the cones Ck:

Lemma 4.10 ([1]). For an arbitrary S-flat deformation F [Cbh(P? x S) of F one has
B 5 (TCs, (S=X)) CCF CEXH(F, F(—L)),

where TCs,(S=X) denotes the tangent cone to S=X at the point sp and 6 : TS -

Ext!(F, F [pp2(—L)) is the Kodaira-Spencer map associated to the deformation F.

For the universal deformation & — P2 < MS(r, n), the strata MK are the inverse images of
Mo(r, n — k) x SKC? under the Gieseker-to-Uhlenbeck map, id est they are “coarser” then
the inverse images of the Kirwan-strata M(‘j) = Mpg(r,n—Kk) x SF\,)C2 indexed by partitions

which we considered in the last section 4.2.

Lemma 4.10 on the tangent cones and theorem 4.7 suggest by analogy with lemma 4.5
the following “stable-reduction type” conjecture for the construction of lifts of general dual

R + - ; ; ; P .
pairs (F+,F-) IZM(V) XM&) M(V) using one-dimensional deformations:
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Conjecture 4.11. To a generic F4 in the inverse image M(t) of the Kirwan-stratum
Mg, there exist a deformation F [Qoh(P? x A?) of F.. L A, and a suitable tangent
vector & CEKt'(F4, F+(—L)) to F not contained in the tangent cone T Cg, ( Ma)) with the

following properties:

(i) Let F— denote the kernel of the map (%) in (4.21). Then Fs a deformation of
(FS'EFL and (F4,F-) is a dual pair.

(i) Let Gy denote the pullback (o; x ida1)F to the threefold P2>-Al and consider the
double-dual G2 Then (G5 will in general not be locally free but fullfill T((G15t) <
T(F+). Repeating the process of pulling back and taking the double-dual v, times, we
obtain a locally free sheaf G ™bn H2(z) x Al and the bundle (G™3} is a lift of the
dual pair (F+,F-).

Remark on the tangent cones in the charge n=2 case

We close with an application of the lemma on tangent cones: The subvariety M=! of

G i M* i i U 2 - M+ + i
M™®(r, 2) is the closure M(l) of the inverse image of M(l) and M- = M(l,l) EM(Z), the union

of the inverse images of the (1,1) and (2)-strata.

By lemma 4.10, the tangent cone T Cg (M=) is contained in the cone

C! = {& CEXt!(F,F(—L) | I(Coker(3(%)) = 1}.

If F EM(“I’D the boundary map 3(€) is W ~1'0p. - Ext'(F,0) £-0), [0}, and the cone
Cc! =c} [k splits into two components, where Cl := {& | 3(§)p, & 0 and 3(8)p,,, =03}

I R
Corollary 4.12. The tangent cone TCg M(“I) to the closure of the inverse image of the

+

(1)-stratum under the Gieseker-to-Uhlenbeck map at a point F IZM(M)

has two components.

If however F EM(“;), i.e. generically 0 - F - W [QOl- Oz - 0OwithZ gkxz,y), not

much can be said: The boundary map is WT0}. - wz and C! = {& | rk §(¢) < 1}.
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5 The new compactification

Applying Kirwan’s desingularization method to the Uhlenbeck space MY (r, n), we propose
to regard the result NHFh) as a new compactification of the space of framed SL(r, C)-
bundles. The objects on the boundary are interpreted as bundles on varying blowups of the
projective plane using the dual pair construction from chapter 4. We completely describe
in 5.1 the new compactification Ni3) for charge one and outline then in 5.2 our current

understanding of the general case.

5.1 The compactification for charge n = 1.

First, we identify the new compactification Ntr3) as one of the two irreducible components
of the space M+(r,1) Xpu( 1y M—(r, 1), the fibred product of two copies of the Gieseker
compactification equipped with dilerent polarizations over the Uhlenbeck space. Then
we show that there is a C2-bundle over NHr3) whose total space is the family M =
{MO(F’?—F)! r,1) }p e Of moduli spaces parametrizing SL(r, C)-bundles on the blowup
of P? at the point p which have charge one and are framed along the strict transform of
the line L. The bundle ® : M - NK&3) comes with a canonical section s. We relate the
map © and the image of the boundary divisor 9NH&#34) under the section s to the dual
pair construction and interpret the points in 9NH#3) as those charge-one bundles on the
blowups F‘@Which have splitting type (—1,1,0,...,0) along both the exceptional line E,
and the fibers of #@'considered as a ruled surface.

The strategy is to describe the moduli spaces MY (r, 1), M(r, 1) and the fibred product in
terms of ADHM-data as introduced in chapter 2. Then we exploit the fact that for framed
bundles on the blowup of P? at a single point there exists a similar ADHM-description of

their moduli space due to A. King [21].
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5.1.1 The ADHM-description before imposing the integrability condition

In the charge-one case, the matrix space is simply M = C2x W x W Swhere W £-¢t, and
the group G = CMcts non-trivially only on W x W Sia g.(a,b) = (ag™?, gb). The sets of
(semi-)stable points for the two quotients M =T are

MSS = MS =C?xW x W XX {0}

MSS =MS =C2xW \{0} xWH

and the set of strictly semi-stable points for the a [nelquotient M [¥C s

M§® \ Mg = {(ay, 0z, a,0)} C{oy, 0, 0, b}

Consider the fibred product

Proposition 5.1. Its geometry can be described as follows:

(i) The a [nelquotient M [PT~kquals C? x C(S), where C(S) denotes the a [nelcone

with vertex o over the image S of the Segre embedding

g PW xPW=L pew Cmhy!

(ii) The small resolutions of singularities . : M XL M [PT 4re in this case just
the blowups of C? x C(S) along C? x C(D), where the divisors D4+ and D— on
S are defined as the images of Hy x PW ~and PW x H_ under ¢ for some fixed
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hyperplanes Hy [PW and H— [CPW % The blowups 1+ are isomorphisms away
from the preimages C2 x PW Fand C? x PW of C2 x o.

Furthermore, the two geometric quotients M IC™tan be identified with the total

spaces of certain vector bundles:

M L2 20pw oL (W [COpw (—1)) and
M LMD 20pw  COW SO (-1)).

Under these isomorphisms, the exceptional sets of the blowups 1. are the total spaces
of the subbundles 2 Opyw —and 2 Opyw, embedded by (f, o) B (f1, T, 0).

(iii) The fibred product M Tk, rogc™M [ Hs isomorphic to

2 Opw <xpw I Opw <pw o1, —1)

and hence irreducible.

(iv) The blowup o of M [P Tht C? x 0 equals 2 Opw xpw t 1 Obw xpw {—1, —1) and is
therefore isomorphic to the fibred product. The total space C? < PW x PW 5&f the first

summand is the exceptional divisor E of the blowup.

(v) The two projections ® : M [Tk, ogcM [T M = Hre the blowups

o, : BI(M CT520pw 0)—— 20pw LN COpw (1))

®_ : BI(M CC520pw ) — 20pw LW " Opw (1))

and the restrictions of @, to the common exceptional divisor E are just the natural

projections 2 Opw 3% 2 Opw spw £ 5 2 Opwy -

Proof: (i) The Segre embedding is given by Y([@k,...a-L1hi,...,b)J= [@y [hlJLet
s denote the ideal of 2 x 2-minors of the matrix (z;j) := (ai [hj). The a [nelcone over

the image S of the Segre embedding is therefore Spec C[zjj]/s. On the other hand, the
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Cinvariant functions on M are
O(M)C" = Clay, ap] [Claib; ] = Cloy, 02] [Clij)/s

and consequently M [¥C™s equal to C? x C(S).

(ii) Consider the C™invariant morphism
oW xWER {0} -~ (w CmYy'x PwH(a,b) O ((zjj), BOL

Among the coordinates on the target space we have the relations-—zijbx — zikbj = @-which

Zi1  Zi2 - Zir

can be expressed as the ideals s; of 2 < 2-minors of the matrices - o Thus,
1 2 r
the image of the map & can be identified with
1
Proj CiZij][bl,...,br] ’ *)

S1+ - +S,

where the N-grading of the ring is 1 for the variables zj; and 0 for the by, ..., by.

This scheme is in turn the total space of the vector bundle W [Qpw c(—1). The fibres of
the surjective morphism id < & : M$ - C2x (W [Opw (—1)) are exactly the orbits of the

C'=action and therefore the map descends to an isomorphism

M C T 200y (W [Opy (—1)).

In order to identify the resolution of singularities 4 : M €. M [®Q M= C?2 %< C(S) with
a single blowup of the a Cnelquotient along a reduced center, we use the explicit description

of M s the product of C? and the Proj (*) of a graded ring:

Let Hy [CPW be the hyperplane cut out by a, = 0. Then the image D+ of Hy x PW ™
under the Segre embedding ( is equal to the intersection of S with the codimension-r
plane A+ = V (Zr1,Zr2,...,2Zrr) iIN P(WW WY Clearly D+ AL n S, and conversely
zrj =arbj =0for j =1,...,r implies that a, = 0 because b; is non-zero for at least one

index.
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The blowup of P(W M5 along this plane A is Proj Clzij][bs, ..., br]/sr. A brief com-
putation shows that the total transform of the cone C(S) is A+ [CM(s; +--- +s,—1) and
therefore the blowup of C? x C(S) along C? x C(D+) is equal to

1
M [T+ C? x Proj I:C[Izij][bl- -+, br]
S1+---+S, )

Away from the vertex, C(D4) is a Cartier divisor in C(S). Thus, the blowup is an isomor-

phism over C2 x C(S) \ o and n;*(C2 x 0) = C2 x ProjC[by, ..., br] = 20pw =

The corresponding statements for M L ™ollow by symmetry.

(iii) An element ((o, 05 ,a*,b*), (a7, 0a;,a~,b7)) M3 x MS descends to a point in the
fibred product M [Tk, ogr-M [—LHf and only if

o =0, a0, =0, and a* =ca~, b~ =cb™ for some ¢ [C (5.1)

Note that in the case ¢ = 0 the closures of the orbits C-{a;,0;,0,b*) and
C‘Qal_,az_,a_,O) intersect in (0, 03,0,0) and are therefore identified in the a [nelquo-
tient M [PT™" We denote the subset of these points in MS. < MS. by N and consider the
algebraic map & : N — C2 x W \ {0} x W XX {0} % C given by

1 at 1
X", x7) = (0], 05,a",b"),(a],05,a~,b7)) B af,05,a ,b", a—'i , (5.2)
K
where a, is a non-zero coordinate of a~ = (a;,...,a;) W \ {0}, The map

€ is well-defined. Moreover, it is an isomorphism with inverse & 1(aq,ap,a,b,c) =
((ag, az,ca,h), (ag,az,a,ch)) as one can check easily, and

- =
E((9+,97D)-(x",x7)) = GT,G§,g—a‘.g+b+.921911a—'§ for g+,9— Q-
k

On the other hand, the quotient of C2 x W \ {0} x W XX {0} x C for the C™k Cction

(Y1, Y2)-(a1,02,8,b,¢) = (0,02, y18,Y2b,y; 1 y5 '¢)
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is 2 Opw xpw 1L Obw xpw t(—1, —1). Thus, the equivariant isomorphism ¢ descends to an

isomorphism

M C Tk rogeM LD 2 Opyy cpw - EObw xpw t(—1, —1).

(iv) The blowup of AT =W W4t the origin o is the total space of the line bundle

Opw rmy(—1) CQW WY < P(W W'

Then C(S) W [W s clearly the inverse image of S under the second projection
Opw twry(—1) — P(W W% and hence BI(C(S),0) £ds(-1) £Fbw xpw -1, —1).
Consequently, the blowup o of the a [Melquotient M 2T Along C? % 0 is 2 Opw xpw L1

Opw xpw tf—1, —1) with exceptional divisor E = 2 Opy xpw = C? x PW x PW &!

(v) By symmetry, it is enough to prove the claim for the map
o, M TSy ogeM CCH-- M Tt

Let U denote the complement of C2x 0 in M [PTXBy (ii), it is contained in M " C s an
open dense subset. But since by (iii) and (iv) the fibred product M Tk, ogrM [T
is isomorphic to the blowup of M [PTHat C2 x o, it contains U as an open dense subset as

well.

Consider the preimage Z+ [CM [ICEbf C2 x C(D-) under the blowup 1. It is the
union of two irreducible components, the proper transform of C? x C(D-) and C2 x PW &}
The complement of Z, in M [IC™s dense in the open set U and so the closure of
o1 (M BN\ Z.,) is equal to the irreducible fibred product. Then by 1V-21 in [9] the
projection ®; : M C"C%, ogeM [C T, M €5k nothing but the blowup of M CFT™
along Z+. Finally, since the strict transform of C2x C(D-) is Cartier in M [*“C5it follows
easily that the blowup BI(M C—T5'C2 x PW Hlis isomorphic to the fibred product. O
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5.1.2 Passing to the subquotients

The integrability condition [aq, a,] + ba = 0 reduces in the charge one case to I%’:I\i =0.
This equation cuts out a C=invariant hypersurface X of the matrix space M. Under the
isomorphism M [FCE-a2 x C(S) from proposition 5.1.(i), the subquotient X €™
is mapped to C2 x C(SD, where SP= S n H denotes the smooth hyperplane section
obtained by cutting the image S of the Segre embedding with the transverse hyperplane
H=V( IEIZ“). Furthermore, we identified the a [nelquotient in theorem 2.6 with the

Uhlenbeck compactification of the space of framed charge-one SL(r, C) bundles on P?:
X PTCEMY(r,1) = Mo(r,1) Ca?=x{W [Op} £t xCc(sh. (5.3)

The sole boundary stratum of MY (r, 1) corresponds to C2xo under the second isomorphism.

where 0 is the vertex of the cone C(S 5.

Restricting the diagram for the fibred product M [Tk, ogM [CICbn page 58, we

obtain

Interpretation:

The geometric quotient X s the proper transform of X [P ~lnder the morphism
s : M CFCHL M PT™onsidered as a blowup. Using the description of M —1C™rom
proposition 5.1.(ii) as the total space of the vector bundle 2 Opy =[OV [Opyw c(—1)), it
can be identified with the kernel of the tautological map

id x<(by,....br )

20pw (W [Opw (1)) > 20pw L Opw —+ O
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Therefore we obtain

X O 2dny Oy £ x BI(C(SY, c(S"h D.)) (5.4)

and similarly

X CcH2dpy O £t xBI(C(SY, c(SPh D)) (5.5)

On the other hand, the quotients X [=1CHbeg to be interpreted moduli-theoretically:
Nakajima proved that X [ICHhgrees with the Gieseker compactification of the space of
framed bundles on P? with Chern classes ¢; = 0,¢, = 1 by torsionfree framed sheaves, cf.
theorem 2.3.(i). As explained in section 2.3.3, its birational counterpart X [—I™tan be
equipped with the structure of a moduli space of torsionfree framed sheaves as well using
the “dual linear algebra data”. We will write M(r, 1) for X [=C5vhen we think of them

as Gieseker spaces.

Let Y denote the proper transform of X [¥Q@~%= C?x C(S Y under the blowup o of M [*T™
at C2 x 0. From proposition 5.1.(iv) we deduce that Y is isomorphic to the restriction of
the bundle 2 Opw <pw =L Obw xpw —1, —1) to the flag variety F := {( @LIhD)] CPW x

PW M ba = 0} which parametrizes lines contained in (r — 1)-planes in the vector space W.

By 5.1.(v), we can regard the projection map M [*ICHky, ogcM CCHEE M
as the blowup of M CrICHE2l0p (W [COpw c(—1)) along 2O0pw = C2 x PW !
The subquotient X IiC‘:LElpr o Qpw ccontains the center of the blowup as well.
The proper transform of X CFC™Under @, coincides with the irreducible subvariety Y =
20r [COE(—1,—1) of the fibred product X [ICH 3y oqriX [—ICHSince both contain
C?xC(SY \ o as an open dense subset. The exceptional divisor of the blowup of X *C™
along C2 x PW Hs C2 x P(Qpw oy and agrees therefore as expected with 20g = C2 x F,
the exceptional divisor of Y interpreted as the blowup o of the a [nelquotient X PTH
at C2 x 0. Exploiting the symmetry, one can show that the proper transform of X [—IC™!

under the blowup ®_ coincides with Y as well. Furthermore, the restriction of the blowups
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Figure 5: Schematic picture of the charge-one case (without the C2-factor).

T Oxemese
Os(-1-1) |

A
[ ] the exceptional sets T | Opwxpw r-1,—1)
PW x Pw &
|
|
|
|
l
o |
}, ,,,,,,,,,,
[ x oc-aby o o

m—

DXEC‘:@_ W

T+
[ x @DQCA
-

/

T W S Opw (—1)
C e £elpw xPw !

C(S"h D+) =C(Fn (H+ xPW D)
PR ' SHEF]
pw

P4 ;Y - X EC™o the common exceptional divisor are the two natural projections from

the flag variety F CPW x PW [

C2 x pW P2 02 5 1201 o2 o pyy.



66

Remark: The fibred product X [ICHky roqrX [CICHis reducible in this case. As a
dimension count confirms, it has another component besides Y. The second irreducible
component C? x PW x PW Fmeets Y = 20 [COE(—1,—1) in the exceptional divisor
20F = C2 x F.

5.1.3 The Kirwan desingularization NHr3)

In the charge-one case, the only non-trivial subgroup of G is C™tself and there is just a
single stratum

Ci¥zer=C?xo. (5.6)

The desingularization of MY (r,1) = X [T s simply its blowup o at C2? x 0. Therefore

we obtain as a consequence of the discussion above the following result:

Theorem 5.2. The new compactification NH#3) of the space of framed SL(r, C)-bundles
on P2 with ¢, = 1 obtained by the Kirwan desingularization of the Uhlenbeck space MY (r, 1)

regarded as the a [nelquotient X [¥CHs isomorphic to the irreducible component

20¢ COK(-1,-1)

of the fibred product M$(r, 1) %pu.1y ME(r,1). The new boundary 8 Nird) £20¢ =

C2 x F sits as a hypersurface with self-intersection —2 in NHr3).

The situation can be summarized as:

MZ(r,1) Xpurgy ME(r, 1)

1

i

Mf(r, 1) %pw EI
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This diagram should be interpreted as an elementary modification in the sense of Mukai.
The new space Nir3) resolves the flip M&(r, 1) DT TTTINAS(r, 1) relating the Gieseker
compactification equipped with its two di [erfknt polarizations and regarded as a MY (r, 1)-

variety.

5.1.4 The new boundary and dual pairs

We show how to interpret the objects on the boundary dNHr) = C2 x F as bundles on
blowups. The ingredients are the explicit description of the moduli spaces involved in terms

of ADHM-data as introduced in 2.1-2.3 and 2.6, and lifts of dual pairs.

From theorem 2.11,(i) we know that the space My(PZ]r, 1) of SL(r,C)-bundles on the
blowup B2bf the plane at the point o = [} 0, 10Which are framed along the strict transform
of the line L can be expressed as a quotient X54(C=< CH! The matrix space has in this

case the form
YEE {(0q,0,a,b,¢) CCP xW \{0} x WX{0}<C |ba=0} (5.7)

where W is a fixed r-dimensional complex vector space. Letting y; = gl_l and y> = g, the

C 5k caction (2.23) on XSkan be rewritten as

(Y1,Y2)-(01, 02, @,b,€) = (Y1Y201, Y1Y202, Y1 &, Y2 b, y1 1y5 *c). (5.8)

Pairs of the form (Im(a), Ker(b)) determine points in the flag variety F CPW x PW “and
the quotient X=4(C5k CHlis a principal C5=k C=bundle over F. The torus acts twice with

weight (1,1) and once with (=1, —1) on the matrix space. Hence we obtain immediately:
Proposition 5.3. The moduli space Mo(r, 1) is the total space of the vector bundle

20k(1,1) COF(—1,—1) over the flag variety F.

By lemma 2.12, the vector bundle G associated to a point (ay, ay, a, b, ¢) has trivial splitting

type along the exceptional line if and only if ¢ = 0. In particular, the closed subvariety of
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bundles in Mg(PZ]r, 1) with non-trivial splitting type along the exceptional line E is given
by the subbundle
20r(1,1) [2ZDe(1,1) [OF(—1,-1),

embedded via (1, T2) B (f1, f2,0). A priori, many diLerent non-trivial splitting types may

occur. However, this is not the case for charge-one bundles:

Lemma 5.4. Let M = 20g(2,1) denote the subvariety of bundles in the moduli space

Mo(PZ]r, 1) with non-trivial splitting type along E.

(i) All bundles in Mpt have splitting type (—1,1,0,...,0).

(ii) The zero-section F M, consists precisely of those bundles G which have also non-
trivial splitting type along the fibres  of the blowup A2 ifle regard it as a ruled surface
over P1. Again, the only occuring splitting type is G|f = Of(—1) O} (1) ECI][_Z.

Proof: (i) Let G|g = ii=1 Og(dj) be the restriction of the bundle to the exceptional line.

Then we have

1 1
di=0 and h%|g(—1)+hiGle(-1) = |[dil.
i=1 i=1

C

By (2.26) we get an exact sequence 0 — H%G|g(-1) - C == C - H!G|g(—1) - 0. Since
1
¢ = 0 by assumption, we obtain  |d;j] =2 and hence (d¢,dy,...,d;) =(—1,1,0,...,0).

(i) Similarly, by (2.27) there is an exact sequence

0 - HO%lg,(—1) » H1G(—1,—1) 22222 HIG(—1,0) » HGlg (-1) - 0

for the fibre f, over a point g = [qi, go Cin PL. The zero section F of Myt = 2 Og(1, 1) is given
in terms of linear algebra data by a; = a, = 0. Therefore hOG|fq (- + hlGlfq (-1) =2,

and the claim follows as in (i). O
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The relation between bundles on blowups and I\m)

For the blowup a(p) : Fl@—_» P2 of the plane at an arbitrary point p = [Bh, B,, 1Caway
from the line of framing L = V (z) [CP% we can linearly change coordinates on P? and its

dual in order to reduce the situation to the blowup of P2 at o discussed in section 2.6.:

xP=x — B1z u“=u
yr=y =Bz vi=v
M=z wr=w + Biu + Bov

The blowup a(p) : F2¢e}!— P2 can be obtained as the composition of (o) : A2¢e}— P2 and

the coordinate change. The matrices in the monad (2.25) change for arbitrary p = [3h, B2, 1]

to
1 | I
012 —v
= (B1 +ca1)z 0 ] ]
Boz 0z PB1z—X —0O1z hz
Ap = 0z u nd  Bp = IE' EI
cu u cVv \ 0
Y= (B2+cop)z O
az 0

and the bundles on the blowup F’%‘are of the form Ker(Bp)/Im(Ap). Hence the family of
moduli spaces M = {Mo(F2(e)Ir, 1)}, pan. can be globally written as a quotient of C? x X
by the Ck C4ction

(91, 92)-(B1, B2, 01, 02,8, b,€) = (91B107 ", 91B207 *, 920107 %, 920207 1, gyt g2b, gacg; ).

Since in the charge-one case the action is trivial on the first two factors, the family M is

equal to the product C2 x Mo (F2(e)lr, 1).
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The pushforward map

Let us define the natural map
B =(04,0_):C%x ML, X" x X" (5.9)
where

8+ (B1, B2, a1, 00,a,b,c) = (cay + B, car +B2,ca,b) and

0—(B1, B2, 01, a2,8,b, ¢) = (cay + By, cop + B2, a, ch).

The map 8 is Ck C2quivariant. The points in its image fullfill the condition (5.1) in the
proof of proposition 5.1.(iii) characterizing the points in the fibred product. Hence, taking

guotients, we obtain a morphism
©:M — MZ(r,1) Xpuqy ME(r, 1). (5.10)

Its image Im(®) is exactly the new compactification NH#3) and its domain is the family
M of charge-one SL(r, C)-bundles on blowups P&p)—Apdlying lemma 2.14, we obtain in

accordance with theorem 4.9 from chapter 4 on dual pairs:

Proposition 5.5. The morphism © : M — NH&) is moduli-theoretically given by

9(G) = (6(p) (6, o(P)(E")).

Proof: Apply lemma 2.14. O
The fibres of the map over each point are isomorphic to C2. However, more is true:

Theorem 5.6. The map © : M — N&3) is a C2-bundle over the new compactification

NHrd) with a natural section s : NHsd) — M. The image s(ONH#3)) parametrizes
exactly those framed SL(r, C)-bundles with ¢c; = 1 on blowups F’@ p CP?\ L which have

splitting type (—1,1,0,...,0) along both the exceptional line E and all the fibres f of the
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blowup.

Proof:

The map & : N — C?2 x W \ {0} x WX {0} x C from the proof of proposition 5.1.(iii)
restricted to Im(8) descends to the isomorphism NEEd) - C2 x Og(—1, —1). In order to

construct s, we have to find an equivariant map

sUC? x W\ {0} x WX {0} x C — C? x XE5E=C2x C? x W \ {0} x WX {0} x C

which descends to a continuous section. Consider the maps s: C2 - C given by

1 1
T0.50.0 Eal:  jemo i 60 Eedo jremo
Sl 1 2!C = an 32 1 210 =
E4d  ifc=0 E4d ifc=0
and define

st CZxW\{0}xW N{0}<C — C2xX51(31,3,,a,b,¢) B (31—csf, 8,—cs) sT) s5la,b,c)

The map s”is C=k Céquivariant and fullfills 8 = s®= id. It is not continous, however
after passing to the quotients s : Nir3) £ < Op(—1,—1) — M it becomes the desired

continous section (act by: g1 =c¢ 1,go =c and let ¢ — 0). O
Geometrical interpretation of the section s:

Each bundle E in the open part Mo(r, 1) of the new compactification Ni-3) has a unique
global section 0 — O - E - I4 - 0. On the other hand, a dual pair (F+, F—) CaNird)
consists of two torsionfree sheaves which are singular over a point p. The section s is given
over Mq(r,1) by mapping to the bundle o(q)"E on the blowup in the point ¢ [CB?\ L
through which all jumping lines of the bundle E pass. Over the boundary dNH#-3), a dual
pair (F4+,F-) is lifted to a bundle G on #@With splitting type (—1,1,0,...,0) along E,.
It is the unique lift which has non-trivial splitting type along all fibres f of the blowup as

well. Along the section s, the points q “move” into p when approaching the boundary.
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Here s is given by blowing o Over dNHr) s is given by
up at the point in P2 given S choosing a distinguished lift
by the section of the bundle E. of the dual pair (F+,F-)

Figure 6: The section s : NHred) - M

Our results match up nicely with the dual-pair construction from chapter 4.

Proposition 5.7. The fiber C? of the map © over the point (a1, 00,a,b) Q% x F =
ONHrI) corresponds to the Hom(Og, (Ep), Og,) = C? of choices from theorem 4.3 for the

lift of the dual pair

b
0 — F+ — W I:CILZ I Ol,dz,ll:]_’ 0 0 — F_ — WI:EHJZ —a—> Ol,dz,lD_’ 0

associated to (aq, a», a,b). Moreover, the image of (F4+, F-) under the section s corresponds

to the “preferred” choice of the lift obtained by the splitting of
0 - Og, — GL/G+ — Og,(-1) - 0
induced by mapping GL/G.. = O (Ep)/Opg ) (—Ep) L 6le, to its reduced structure O, .

The functorial description of the moduli problem for NHr3)

The family {F’%}'}p 2L Of blowups of the plane at points p away from the line of framing
can be also described in the following way: Consider the blowup Y of P2 x C? along the

diagonal A [CF x C2 = P2\ L x C? P4 x C? and the induced projections 1y : Y —— P?
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and M, : Y — C2. Then the restriction of 1; to a fibre Yp = nz‘l(p) is the blowup

a(p) : Yp = F2¢pYl— P2 of the plane at p.

The general machinery [18], [19] yields the existence of a “relative” moduli space of framed
bundles M (Y/C?) — C? with the property that for each point p [CCP, the fibres M (Y /C?),
are isomorphic to MMF’%},I r,1). This relative space M (Y/C?) — C? inherits the property
of being a fine moduli space from its fibres, cf. page 11. As a consequence, it carries
a universal framed bundle & — Y xc2 M(Y/C?) which restricts over each fibre to the

universal bundle of M (Y/C2), = M (2}, 1).

Definition 5.8. A framed vector bundle G is called good if it is a bundle on P2 or a bundle
on the blowup of P? at a point p that has either trivial splitting type along the exceptional

line E, or type (—1,1,0,...,0) along both E, and all fibres of F2(p)! . PL.

We define a contravariant functor N#3)(-) : (schemes) — (sets) which associates to a
base scheme S the set NHF3)(S) of S-flat families G of vector bundles on X x S, where X
is the plane P? or a blowup F'%' with the property that each G is a good framed vector

bundle on X with Chern classes c; = 0 and ¢, = 1. As usual, the functor sends a morphism

f:SY. S to the map NHr3)(S) - NKrED)(SH : ¢ B (idx = f)'g.

Furthermore, we impose an equivalence relation on good bundles: Two good bundles G on

H2¢s}land GZon P2 are equivalent if G £-adp)a-

Proposition 5.9. The space NH#3) represents the functor N#34)(-). The points in

—1) are in bijection with equivalence classes of good framed SL(r, C)-bundles on P2 and
NHerd) j q g

F’%‘with c, =1.

Proof: The section s : NH#d) — M (Y/C?) induces a morphism ¢ = idy xs : Y xc2
NHed) — xc2 M (Y/C?). It is a direct consequence of theorem 5.6, the definition of the
functor NKr3)(-) and the equivalence relation that the pullback V = @& of the bundle
U - Y xc2 M(Y/C?) gives a universal family over the new compactification NHrd). O
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5.2 Instanton number n =2

For arbitrary charge n, the new compactification N-h) obtained by Kirwan’s method from
the Uhlenbeck space MY (r, n) is given by successively blowing up MY (r, n) along the strict
transforms of the sets M(L\J,) = Mp(r,n—Kk) x SE‘V)CZ, which are the images of of the Kirwan
strata GL(n).Zgw) under the natural quotient map X - X OGL(n) = MY(r, n), starting
with the smallest stratum associated to the partition (n) and stabilizer group R(M™ = GL(n)

and ending with the (1)-stratum and group R® = CHlcf. chapter 3.

Let us denote the exceptional divisors in each step of the Kirwan-desingularization by E .
To their points we have to assign a meaning in terms of vector bundles. Recall that the
dual pair construction guarantees by theorem 4.9 the existence of morphisms

G)(v) . Nboundary —— M(:) x|v|(L\J}) M(;); GBE (a0(Z2)&, O'(Z)Ifﬁl__)]),

where M(“—;) [CME(r, n) denote the inverse images of the strata M(‘;',) under the Gieseker-to-
Uhlenbeck maps 1. and Npoundary QMO(F'@, r,n)} is the set of all SL(r, C)-bundles
of charge n on surfaces F’@ with splitting type

1
GlcF O5%¢ [ (Oci—1) COKL)) (5.11)
i=1
along the —k-lines [in the trees of F’@ Motivated by the charge-one case, we suggest

the following:

Conjecture 5.10. The image of O, is isomorphic to E.

The fibres of the maps O,y are a [nelspaces C*, cf. page 53, and we could then construct
sections s : Ey — Nbpoundary Of Oy as in the charge-one case. This would complete the
interpretation of the points on the normal crossings boundary divisor aNHe-h) =~ JE()

in terms of bundles on F'@ of fixed splitting type (5.11).
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Miscellaneous remarks:

« The Uhlenbeck space has a recursive conic structure (at least away from the symmetric

product parts), e.g.

MY(r,2) = Mo(r,2) [CWo(r,1) x C* W [Op} x Sf ;)C* [XW [Op} x S§,,C?
= MPx C? [C(ST x C* x C? [{8} x Sf; ;,C* [{a} x C?,

where MUis the cone over C(SY and o denotes the vertex of C(SH

Figure 7: Schematic picture of the Uhlenbeck space MY (r, 2)

= Analogously to the charge-1 case, locally around E;y the compactification NieH) will

look like Ogy(—1, —1) where U — Mg(r,n — 1) x P2 denotes the universal bundle.
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6 Further directions and remarks

What needs to be done next

As indicated in conjecture 5.10, the relation between the exceptional divisors E, of the

Kirwan desingularization and the fibred product M(J;) xM(u) M(;) needs further study.

e Structure of neighbourhoods of the strata M(L\J,). For getting our hands on the
exceptional divisors Eyy in the Kirwan desingularization for arbitrary charge n, it is essential
to compute the tangent cones of M(L\J,) in MY (r,n). One might obtain TCx MY(r,n) of a
point X [CME) with x X having a closed orbit and stabilizer R™ perhaps as the
quotient (pg’lR(O) n RI)/R, where N denotes an R-invariant complement of the image N of
the di Lerkntial dxox of the orbit map, cf. 2.5 on the tangent complex. The map pcr: M -
End(V) - Lie(R) is the Lie(R)-direction of the complex moment map (2.2).

« Resolution of the flip. A thorough study of the resolution of the flip between M (r, n)

and ME(r, n) is important in order to understand the relationship between M(C) XM&) M(V)
and the exceptional divisors Ey of the strata M(lj). Recall that in the case n = 1, the flip
is resolved by blowing up M$(r, 1) along M(“I) = C2 x PW ™ The blowup is NH&3), and
its exceptional divisor turns out to be equal to E(;) = C? x F.

Although we cross only a single wall, the flip for charge n = 2 will no longer be resolved by
a single blowup and blowdown, but instead by a whole sequence along smooth centers. A
strategy to understand this process more explicitly might be to refine the structure of the

wall, similar to Ellingsrud/Gottsche [10].

Functorial description

It would be nice to have a precise functorial description for the moduli problem classified
by the new compactification Nir#) as in the charge n = 1 case (proposition 5.9). Since
the base surface of the bundles in NH#h) is varying among P2 and its blowups F’@ one
has to introduce a suitable equivalence relation on the bundles in order to make sense of

the notion of flat families.
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Compactifications of the space of framed principal G¢-bundles

Let G be a classical compact Lie group other than SU(r) and G® its complexification.
There exists an isomorphism identifying the space of pointed G-antiselfdual connections
on S* with instanton number n and the moduli space Mo(G€, n) of framed principal G°-
bundles on P?, cf. 2.3.4 and [7] for the original SU (r)-case. This space has also an Uhlenbeck
compactification MY (G®,n) = %O(Gc,n — k) % SkC2 with ADHM-description [4] as
an a[nelquotient X [®H of a suitable matrix space X by a subgroup of the general
linear group. However, the group H acting on the matrix space has now a discrete center.
Therefore we cannot hope to get Gieseker-type resolutions of MY (G®, n) by varying the
linearization as we did in the case of H = GL(n, C). On the other hand, we can still compute
the Kirwan-desingularization NHG3, n) — MY (GC, n), and the points on the exceptional
divisors should be interpreted as framed G¢-bundles on the surfaces F'@ from chapter 4
with some extra conditions, leading to a partial compactification of the space of principal

bundles Mo(G€, n).

Comparison of NHr#) and the space of stable maps to QSU(r)

Atiyah identified the space of basepoint-preserving holomorphic maps (P%, p) - (QSU(r), 1)
from the projective line to the loop group of SU(r) with the space of framed SL(r, C)-
bundles on P x P!, framed along the union {p} = L, [} < {q} of a vertical and a horizontal
line. Let T:S — P!x P! be the blowup of P! x P! at the intersection point (p,q) of the
two lines, T™: S - P2 denote the contraction of the strict transforms of the horizontal and

vertical lines given by |+l | and L be the image of the exceptional line E under t-

Then the space of SL(r, C)-bundles on P! x P! with ¢, = n framed along Ly, and L, is via

E B t"E isomophic to Mg(r, n), our moduli space of bundles on P? framed along L.

Thaddeus suggested recently a “stable-map type” compactification of the space of pointed
maps P — QSU(r). He introduces a stable-reduction process for Al-families F of framed

bundles on P! x P!, modifying the zero-fiore Fy via blowups of the threefold P! x P! x Al
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along points on Ly > L, x {0}. It would be interesting to compare his compactification and

N,

Application to physics: Nekrasov’s partition function and instanton count-

ing

Nekrasov [36] recently defined a generating function Z ([ [2] &,.4) for the relative Donaldson
invariants of C? by integration in equivariant cohomology over the instanton moduli spaces

Mo(r, n).

There is a natural action of the (r +2)-dimensional torus T = (CH2 x (CH' on the Gieseker
space M (r, n), where the factor (CH' changes the framing of the torsionfree sheaves and
the factor (CH? rescales the underlying P2. The fixed points under this action are direct
sums of ideal sheaves of zero-schemes in P? and can be described combinatorically [32]. The
torus T acts also on the Uhlenbeck space, but with one fixed point i : {n-(0,0)} @ MY(r, n)
only, and the Gieseker-to-Uhlenback map 1 : M&(r,n) -~ MUY(r,n) is T-equivariant and

proper. These observations led Nekrasov to define the generating function as

| —
zZ(LRlay = q" 1,
n=0 MG(r,n)
1
where the integral ;6 HEME(r,n)) - R, a B (idyinca denotes T-equivariant

integration with values in the quotient field R of HL¢pt).

In physics, Z([] 2] &) can be regarded as partition function for N = 2 supersymmetric
Yang-Mills theory. It has been explicitly computed by Nekrasov [36] and Nakajima-Yoshioka
[32] using localization. Furthermore, it has been related to the Seiberg-Witten prepotential,

cf. [34] and [32], [33] for details.
The partition function carries a rich structure which is far from being understood.

One of our motivations for working on the new compactification Ni(r#) is to re-compute the

partition function replacing the role of the Gieseker compactification MS(r, n) by NHH).



79

The new compactification gives an alternative resolution & : NKF#H) — MY(r,n) of the
Uhlenbeck space up to orbifold singularities, the action of the torus T on MY (r, n) lifts to
NHr+) and the map £ is T-equivariant and proper. We would like to express the Nekrasov

partition function as

)
Z(WGas) = q (o Edieh),
=0

n=
where [NH#)] denotes the fundamental class of the new compactification in T-equivariant

Borel-Moore homology, and then compute it explicitly using localization.

The normal-crossings boundary of Ni(r+#) is much better-behaved than the boundary of
the Gieseker compactification and its recursive structure promises to shed more light on the

partition function.
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A Appendix

A.1 A unexpected byproduct: Equations for the Uhlenbeck space

During the process of trying to understand the structure of the Uhlenbeck space

MY(r,2) = Mo(r,2) CMo(r,1) x C?2 W L[Op2} x S ;,C? [IW L[Ohz} x S%,C?

of framed charge two instantons as an a [nelvariety and to see how the four strata fit
together algebraically, | spent some time on trying to find explicit equations for the space,

similarly to the charge n = 1 case.

Although the generators discovered do not lead to many new insights in the geometric
structure of the Uhlenbeck space MY (r,2), a set of equations generating the coordinate

ring of MY (r, 2) is of independent interest and was not yet known.

The matrix space in charge n = 2 case is M = End(C?)? [CHbm(C?, W) CHbm(W, C?),
where W £-@r. Consider the quotient map m : M —~ M [OGL(2). The ideal of the
null-cone Ny = m~1(0) = {x M | 0 [CGL(2).x} can be computed using an algorithm
due to H. Derksen [5]. The generators that one obtains following this recipe are not nec-
essarily GL(2)-invariant. One can however show that by applying the Reynolds operator
R : C[M] — C[M]C-® for the given action to the generators of the ideal ly,, [_CIM]
of the null-cone, one obtains a full set of generators of the invariant ring C[M]°-® as a

subalgebra of C[M].

I computed Iy, for the (easiest) rank r = 2 case with the computer algebra system
Singular. Among the 21 generators, 13 turned out not to be GL(2)-invariant. Using
Cayley’s Omega process (cf. for example [5], 4.5.3.), | determined the Reynolds operator
for the action by hand and applied it to the generators not yet invariant. Playing with the
result and bringing it in a more intrinsic form led to the conjecture that more generally, the

following should be true:



81

Conjecture A.1. The a [nelariety M [PGL(2) is given as the spectrum of the subalgebra

of Clay, oy, a, b] generated by the 4r2 + 5 invariant functions

() (o), gei(o) ) () fr{on (@) (D ffhyy (V) 250059 b

4 invariants 1 invariant r2 invariants 2r2 invariants

(V) ac(0ageap+[ag, o]+ Yoz c0r)+2ageP(az) —20a o P(az)) b,

where we abbreviate ¢(0;) ;= o — di_and (a;) := aj + d;_With d;_denoting the cofactor

matrix of q;.

Corollary A.2. The Uhlenbeck compactification as an a [nelvariety is given by
MY(r,2) = X PGLR) £Spec (C[F, (a1, 0z, a,b), [0q, o] +ba]).

where the fy(01, dz,a,b), v =1,...,4r%> + 5 denote the invariants (i)-(Vv).
Remarks:

(1) The conjecture is true for r = 2, but | do not know how to prove it for higher rank.
| believe that the above set of (algebraically independent) generators is not minimal.

In particular, there should be a nicer form for (v).

(2) The invariants (i)-(v) and [0y, a,]+ba embed MY (r, 2) into a [nekpace as (the closure
of) the image of an explicitly given polynomial map M - CA4*+9 |t is di [cult to
find the generators of the ideal in the polynomial ring Clzy, ..., Z424+9] cutting out
M [OGL(2) TP+, | was not able to do it by hand, and already for the case
MY (2,2) it is also computationally out of reach: | tried to compute a Grobner basis

for the ideal
—1 —1 —1 —1

Fd - foton, 00,8,) Joer s, E2 2" Fou, 0] + ba FEH

228 Zp9

where f,(aq, ay, a,b) denote the invariants (i)-(v), using an elimination ordering for

the variables a,ay,a,b. But after several hours, the computer and me had enough.
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Interpretation of the invariants:

When considered separately, the invariants (i) give the quotient maps

End(C?) - End(C?) CGLQ) £t o B (tr(ai), det(ai))

for the two copies of C2 obtained by the conjugation action on the endomorphisms oy
and 0. The polynomial tr (a; = @(az)) = (o} — a??)(ad! — a3?) + 20302 + 2a}%03?
is the “coupling” between these two quotients. The r? invariant functions ai1hyj + aizhy;j,
1 <1i,j < r from (iii) generate the invariant ring for the action g.(a,b) = (ag™*, bg) on the
two last components. This is so-to-speak the analogue to the charge n = 1 case from section
5.1.1. The 3r? invariants (iv) and (v) are “couplings” between the conjugation action on

the a; and the action on a and b.
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