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ABSTRACT

On Partial Compactifications of the Space of Framed Vector Bundles

on the Projective Plane

Hans Georg Freiermuth

We propose a new partial compactification of the space of framed SL(r,C)-bundles

with second Chern class n on the projective plane. It is obtained as the Kirwan desin-

gularization of the Uhlenbeck compactification of the space of bundles. The objects

on the new normal crossings boundary divisor are interpreted as bundles on varying

blowups of the plane in at most n (possibly infinitely near) points which have a fixed

prescribed splitting type along the exceptional lines.
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1 Introduction

1.1 History and motivation

The study of the parameter space for vector bundles on smooth projective surfaces and its

various compactifications has a long history. Gieseker showed in 1977 that there exists a

coarse projective moduli space compactifying the space of semi-stable vector bundles with

fixed rank and Chern classes [15]. The boundary of his parameter space consists of objects

of a more general type: Semi-stable torsionfree sheaves with the same invariants.

Gieseker’s construction and its generalizations by Maruyama and Simpson make use of

the fact that the semi-stability guarantees a common regularity bound which allows one

to embed the sheaves as an open subset into a projective scheme Q. This subset is then

identified with the set of G.I.T.-semi-stable points for an action of the special linear group

on Q and allows one to express the moduli space as a geometric invariant theory quotient.

However the Quot-scheme Q is quite complicated, and there was a need to find a more

practical method to investigate the geometrical details of the Gieseker compactification.

For the base surface P2, Barth, Hulek and others studied exactly for this purpose certain

three-term complexes, so called monads, which essentially allow one to describe the vector

bundles on P2 in terms of linear algebra data. Donaldson observed in his famous paper [7]

that the monad description becomes particularly simple if one replaces the semi-stability

condition for the bundles by demanding that they come equipped with a trivialization along

a fixed line: The moduli space M0(r, n) of “framed” rank-r bundles on P2 with Chern classes

c1 = 0 and c2 = n has a nice description as a geometric quotient of an open subset of a

matrix space X (instead of a complicated Quot-scheme) for a suitable GL(n)-action.

Framed bundles have been studied ever since by Lehn [26], [18], Hurtubise [17], King [20],

Nakajima [31] and others.

The smooth 2nr-dimensional moduli space M0(r, n) is not a compact variety, but simi-

larly to the corresponding space for semi-stable bundles, there exists a (partial) Gieseker

compactification MG(r, n) obtained by adding torsionfree framed sheaves.
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A striking result is that framed bundles are (like stable ones) intimately related to differen-

tial geometry: Donaldson [7] used the monad quotient-description to identify M0(r, n) with

the space of pointed SU(r)-antiselfdual connections on S4, so called instantons. But for the

space of instantons, there exists the differential-geometric (partial) Uhlenbeck compactifica-

tion [8] by ideal instantons with description MU (r, n) =
∐
kM0(r, n− k)× SkC2. It carries

an algebraic structure and can therefore be regarded as an alternative compactification of

the space of framed bundles.

Both, the Gieseker and the Uhlenbeck compactification of M0(r, n) unfortunately have some

disadvantages:

(i) The Uhlenbeck compactification MU (r, n) is highly singular.

(ii) The boundaries are in both cases neither divisors nor pure-dimensional.

(iii) The objects on the boundaries are not of the same type as the original ones: In the

case of the Gieseker space MG(r, n), they are no longer bundles but taken from the

larger category of torsionfree sheaves. For MU (r, n), the boundary points are not even

algebro-geometric objects but pairs consisting of an SU(r)-instanton of charge n − k

and a cycle p1 + · · ·+ pk.

It would be nice to have instead a compactification with mild singularities, new objects of

the same type and a normal-crossings boundary divisor with a recursive structure, as for

example in the case of Mg,n, the compactification of the space of pointed Riemann surfaces

of genus g.

The subject of this dissertation is to outline a program leading towards such a new partial

compactification M̂(r, n) of the space M0(r, n) of framed vector bundles on P2.

Promising applications for the new compactification come again from differential geometry

and mathematical physics, motivated by the identification of M0(r, n) with the space of

pointed SU(r)-instantons: The Donaldson-invariants, integrals taken over certain classes

in the space of instantons, encode differential-geometric information about the underlying
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4-fold. They can be computed by integrating on the “algebro-geometric side” over compact-

ifications of the moduli space of vector bundles. This philosophy has been applied in the

semi-stable world by Friedman/Morgan, O’Grady, Göttsche and others to compute differ-

entiable invariants of compact algebraic surfaces before the ’94 discovery of Seiberg-Witten

invariants. In the framed world, very recent results by Nekrasov [36] and Nakajima/Yoshioka

[32] revived the general interest. They managed to completely determine the generating

function for the relative Donaldson invariants of C2 ≈ S4 \ {∞}. Our hope is that one

will ultimately recover the recursive structure of Nekrasov’s generating function predicted

by physicists via a re-computation using the new compactification M̂(r, n) with its better

behaved boundary. For more details cf. chapter 6.

1.2 Summary and results

Let me briefly describe the main ideas leading towards the new compactification M̂(r, n):

• The first one is to exploit the description of the space of framed bundles M0(r, n) and

its Gieseker and Uhlenbeck compactifications as various quotients of a matrix space X.

We show that they fit beautifully in the picture of variation of G.I.T.-quotients, cf. for

example Thaddeus [39]. Different “linearizations” of the trivial line bundle over X yield

in our case two smooth geometric quotients X �± GL(n), both representing the Gieseker

compactification. They are resolutions of singularities of the affine Uhlenbeck quotient

X �0 GL(n) and related by a flip

MG
+ (r, n) ∼= X �+ GL(n) oo //_________________

π+

**UUUUUUUUUUUUUUUUU X �− GL(n) = MG
− (r, n)

π−

ttiiiiiiiiiiiiiiiii

MU (r, n) = X �0 GL(n)

(1.1)

• Frances Kirwan suggested in [22] a method to change any geometric invariant quotient

X �G having strictly semi-stable points into a new quotient X̂ �G which has only stable

points using a suitable sequence of blowups. If the variety X is smooth, this method provides

a desingularization of the quotient X � G up to orbifold singularities. Her technique has

been successfully used in various contexts, e.g. for computing the cohomology of moduli of
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bundles on curves [23] or for the construction of new irreducible symplectic varieties [37].

We apply Kirwan’s method to the affine Uhlenbeck quotient MU (r, n) = X �0 GL(n). Its

set of strictly semi-stable points is stratified by the translates of the fixed point sets ZR

of reductive subgroups R of GL(n) occurring as stabilizers. We show (theorem 3.3) that

those subgroups R(ν) are products of smaller general linear groups indexed by partitions

(ν) ⊢ k and identify the Kirwan-strata GL(n).ZR(ν) as points in the inverse image of the sets

MU
(ν) := M0(r, n−k)×Sk(ν)C

2 under the natural quotient map X → X�0GL(n). Blowing up

the singular variety X successively along the strict transforms of the Kirwan strata (starting

with the smallest stratum) will enlarge the set of stable points at each step. Passing to the

quotients, one eventually obtains a surjective morphism X̂ �GL(n) → X �0 GL(n) which

is an isomorphism over the subvariety M0(r, n) of framed bundles.

It is this space M̂(r, n) := X̂ �GL(n) that we regard as total space of the new compactifi-

cation.

• In a third step we interpret the points on the exceptional sets of M̂(r, n). They should

be regarded as SL(r,C)-bundles G on new surfaces S obtained as blowups of the projective

plane and containing trees of projective lines with negative self-intersection. The new

objects G have the prescribed splitting type

G|L = Or−2κ
L ⊕

κ⊕

i=1

(OL(−1)⊕OL(1)) (1.2)

along the lines with L2 = −κ. Let me explain how to see this:

Again, the motivation comes from a related construction in differential geometry: There is

a bubble-tree compactification of the space of instantons using a glueing technique due to

Taubes [8]: Consider an ideal instanton (A, p1 + · · ·+pk) on the boundary of the Uhlenbeck

spaceMU (r, n). Per definition, its curvature density has peaks at p1, . . . , pk. Taubes tears at

these points S4-“bubbles” out of the underlying four-sphere and obtains an ideal instanton

of smaller charge on the new manifold. Repeating the process, one ends up with a genuine

antiselfdual connection on the bubble-tree.
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How could one try to mimic this method in our situation? Since the strata MU
(ν) in the

Uhlenbeck space along which we want to blow up in order to construct the new com-

pactification M̂(r, n) contain ideal connections (A, ν1p1 + · · ·+ νlpl), differential-geometric

objects, we “switch to algebra” by passing to their inverse images in the fibred product

MG
+ (r, n)×MU (r,n)MG

− (r, n) obtained from (1.1). Such pairs (F+,F−) of honest torsionfree

sheaves on the boundary of the two Gieseker spaces have generically presentations

0→ F+ −→ EA −→
l⊕

i=1

OZi → 0 and 0→ F− −→ E∗
A −→

l⊕

i=1

ωZi → 0

with Zi ∈ Hilb νi(C2), where the reduced scheme underlying Z = Z1∪· · ·∪Zl is the support

{p1, . . . , pl} of the original cycle ν1p1 + · · ·+ νlpl in the Uhlenbeck space.

Imposing an extra duality condition on (F+,F−), we prove in theorem 4.7 the existence of a

lift of such a pair to a vector bundle G on a surface S with splitting-property (1.2) which is

obtained by the following “bubbling”-process: First, we blow up P2 at the points p1, . . . , pl.

The zero-dimensional part Z ′ of the inverse image of Z under this blowup has smaller length

than Z. In a second step, we blow up along the reduced points on the exceptional lines

underlying the new zero-scheme Z ′. Repeating this process, we obtain after finitely many

steps a surface S containing l trees of projective lines with negative self-intersection.

• To illustrate the construction of M̂(r, n), we investigate in detail the case of charge n = 1:

By theorem 5.2, the new compactification M̂(r, 1) is isomorphic to the total space of the

vector bundle 2OF ⊕ OF(−1,−1) over the flag variety parametrizing lines contained in

hyperplanes in Cr. It can be identified with one of the two irreducible components of the

fibred product MG
+ (r, 1) ×MU (r,1) MG

− (r, 1) and resolves the flip (1.1). Then we investigate

in theorem 5.6 the objects on the new boundary ∂M̂(r, 1) = 2OF.
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1.3 Outline

In chapter 2, we review the background material necessary for the construction of M̂(r, n).

Then in chapter 3, we summarize Kirwan’s technique of partial desingularization of G.I.T.-

quotients and determine the Kirwan-strata of the affine Uhlenbeck quotient. Chapter 4 and

5 form the core of the thesis. We introduce in chapter 4 the notion of dual pairs and construct

their lifts to blowups of the plane, first in a special case to provide some intuition, then in

general. Having all necessary tools at hand, we give in chapter 5 a complete description of

the new compactification M̂(r, 1) in the charge-one case and outline briefly what we know

about higher charge. In chapter 6 we discuss some directions for future work. We close

with a curiosum: An appendix describing how we tortured the department’s computers to

find a set of equations for the Uhlenbeck space MU (r, 2).
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2 Background

In this chapter, we explain how to interpret the Gieseker- and Uhlenbeck-compactifications

of the space of framed SL(r,C)-bundles on the projective plane as quotients of various ma-

trix spaces by the general linear group. Varying the linearization of the quotient describing

the Gieseker compactification, one obtains two resolutions of the Uhlenbeck space MU (r, n)

which are related by a flip. We characterize the fibres of the Gieseker-to-Uhlenbeck maps,

investigate briefly the tangent complex of the moduli spaces and close with a review of

King’s ADHM-description of the space of framed bundles over the blowup of P2 in one

point which we will need in chapter 5.

2.1 The setup

Let V ∼= Cn and W ∼= Cr be two fixed complex vector spaces and consider the affine variety

MV,W = End(V )⊕ End(V )⊕Hom(V,W )⊕Hom(W,V ). (2.1)

We define the complex moment map by

µC : MV,W → End(V ) ; µ(α1, α2, a, b) = [α1, α2] + ba. (2.2)

The group G = GL(V ) acts on MV,W via

g.(α1, α2, a, b) = (gα1g−1, gα2g−1, ag−1, gb) (2.3)

and the closed subscheme XV,W := µ−1
C (0) of MV,W is G-invariant.

There are two open subschemes of XV,W , the set of N-stable points Xns
V,W consisting of

(α1, α2, a, b) ∈ XV,W for which there exists no αi -invariant proper subspace S of V with

Im(b) ⊆ S. Dually, the set Xnc
V,W of N-costable points contains the elements (α1, α2, a, b)

for which there are no non-zero subspaces S ⊆ V with αi(S) ⊆ S and S ⊆ Ker(a).
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These two “ad hoc”-stability conditions allow one to characterize the points for which the

action of G is free and to give a criterion for the closedness of an orbit G.x which will be

useful later on:

Lemma 2.1 (Nakajima [31], Vasserot [42]). Let x = (α1, α2, a, b) be a point in XV,W .

(i) If x is N-stable or N-costable then StabG(x) = {1}.

(ii) x is N-stable and N-costable if and only the orbit G.x is closed and x has trivial

stabilizer.

(iii) The orbit G.x is closed if and only if there exist subspaces V1, V2 ⊆ V , x1 ∈ Xns
V1,W ∩

Xnc
V1,W and x2 ∈ XV2,{0} such that

V = V1 ⊕ V2, x = x1 ⊕ x2 and GL(V2).x2 = GL(V2).x2.

The splitting is unique and obtained as follows: Given x = (α1, α2, a, b), let V1 (V2)

be the smallest (biggest) αi-invariant subspace of V containing Im(b) (contained in

Ker(a) ). Then x1 := (α1|V1 , α2|V1 , a, b) and x2 := (α1|V2 , α2|V2 , 0, 0).

Notation: Unless when needed for clarity as in the lemma above, we drop the indices of

MV,W and XV,W .

Figure 1: The quiver of MV,W .

V

α1

��

α2

FF
a ++ W
b

kk

2.2 The G.I.T.-description and the flip

A powerful tool to get a systematic description of the orbit spaces of the set of N-stable

and N-costable points in X and the relation between them is provided by the machinery of

geometric invariant theory [29],[39].
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We follow A. King [21] and choose various “linearizations” of the trivial bundle OM on the

matrix space M using the character

χµ : G→ C∗; g 7→ det(g)µ, µ ∈ Z. (2.4)

It induces an action g.(x, y) = (g.x, χµ(g)−1y) of G on the total space M×C of the trivial

bundle OM. Depending on the exponent µ in the character χµ, we obtain various quotient

spaces for the action of G on the matrix space M:

If µ = 0, the character is trivial and we consider the good affine quotient

M �0 G := Spec(O(M)G). (2.5)

If µ 6= 0, we define the G.I.T.-quotient as

M �µ G := Proj




⊕

n≥0

O(M)G,χµ
n



 , (2.6)

where O(M)G,χµ
n denotes the set of functions { f ∈ O(M) | f(g.x) = χ(g)nf(x) } which can

be regarded via s(x) := f(x)yn as the G-invariant sections of the trivial line bundle. The

inclusion of algebras O(M)G = O(M)G,χµ
0 ⊆

⊕
n≥0O(M)G,χµ

n induces surjective morphisms

πµ : M �µ G −→ M �0 G exhibiting the G.I.T.-quotients M �µ G as varieties that are

projective over the affine quotient M �0 G.

More geometrically, one can characterize the quotients as follows: In geometric invariant

theory, a point x ∈ M is called semi-stable if for some n ≥ 1 there exists an invariant

function f ∈ O(M)G,χµ
n which does not vanish at x. We denote the open set of semi-stable

points in M by Mss
µ . If in addition the orbit of a semi-stable point x is closed in Mss

µ and

if x has a finite stabilizer then the point is called stable. Two orbits G.x1 and G.x2 of

semi-stable points are regarded as equivalent if their closures intersect in Mss
µ . Then the

quotients M �µ G can be considered as the set of equivalence classes Mss
µ / ∼ of orbits of

semi-stable points under this relation.
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Now we focus our attention on the G-invariant closed subsetX = µ−1
C (0) of the matrix space

M. The sets of (semi-)stable points Xss
µ and Xs

µ for the various choices of the character χµ

are nicely related to the sets of N-stable and N-costable points in X:

Lemma 2.2. If the exponent µ ∈ Z of the character χµ is

(i) positive then Xss
µ = Xs

µ = Xns.

(ii) negative then Xss
µ = Xs

µ = Xnc.

(iii) zero then Xss
0 = X and Xs

0 = Xns ∩Xnc.

Proof: (i): Xss
µ = Xns has been proven in [31],3.25 and Xss

µ = Xs
µ is a consequence of

lemma 2.1.(i). The proof of (ii) is analogous. For (iii), choose a global nowhere-vanishing

invariant function (e.g. f ≡ 1) on the affine variety X to see that Xss
0 = X. Lemma 2.1.(ii)

implies that Xs
0 = Xns ∩Xnc.

Varying the character χµ, we therefore obtain only two quotients besides the affine quotient

X �0 G which we denote by X �+ G and X �− G, depending on the sign of µ. Since the

latter two have no strictly semi-stable points and G acts freely on the stable points, they

are actually smooth, geometric quotients. As we just have seen, the three quotients X �±G

and X �0 G can be obtained from each other by changes of the linearization of OM.

The theory of “variation of G.I.T.-quotients” pioneered by Thaddeus [39] and Dolgachev/Hu

[6] among others shows that X �+ G and X �− G are birational, small resolutions of

singularities of the affine quotient X �0 G and related by a flip

X �+ G oo //_________
π+

%%KKK
KKK

KKK
K X �− G

π−

yyssss
sss

sss

X �0 G

.

Remark on the compactness of the quotients. It is easy to see that the spaces X�±G

andX�0G cannot be compact complex varieties. It is always possible to split off a C2-factor
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by passing to tracefree matrices: Any point in M has a decomposition

(α1, α2, a, b) =
(

tr(α1)
n

idV ,
tr(α2)
n

idV , 0, 0
)
⊕

(
α1 −

tr(α1)
n

idV , α2 −
tr(α2)
n

idV , a, b
)
.

It respects the integrability and various stability conditions, and G acts trivially on the first

summand.

2.3 Moduli interpretation of the three quotients

In this section we explain how to interpret the three quotients X �+G, X �−G and X �0G

as various partial compactifications of the space of framed vector bundles on the projective

plane.

2.3.1 The quotient X �+ G and the Gieseker compactification MG(r, n)

We fix coordinates x, y, z on the projective plane P2 and letM0(r, n) denote the moduli space

of SL(r)-bundles E on P2 with second Chern class n equipped with a framing Φ : E|L
≈−→

W ⊗ OL along the line at infinity L = V (z). There exists a (partial) compactification of

the space of these bundles, the Gieseker compactification MG(r, n) by torsionfree rank-r

sheaves with c1 = 0, c2 = n which are framed along the line L and locally trivial in a

neighbourhood of it.

On the theoretical side, Huybrechts and Lehn [26], [18] proved that MG(r, n) is a quasi-

projective, fine moduli space representing the functor

MG(r, n)( · ) : (schemes) −→ (sets),

associating to a base scheme S the set MG(r, n)(S) of isomorphism classes of pairs (F ,Φ)

consisting of an S-flat family F ∈ Coh(P2 × S) of torsionfree rank-r sheaves Fs on the

projective plane P2 with Chern classes c1(F s) = 0, c2(Fs) = n and a framing isomorphism

Φ : F |L×S
≈−→ W ⊗ pr∗

1OL. Two pairs (F1,Φ1) and (F2,Φ2) are called isomorphic if the

isomorphism of families α : F1 → F2 respects the framing, i.e. if Φ2 ◦ α|L×S = Φ1.
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On the practical side, Nakajima extended the work of Donaldson [7] and explained how to

pass from the “linear algebra data” to a torsionfree framed sheaf on P2 and vice versa. We

briefly sketch the method and refer to [31] for details.

To each x = (α1, α2, a, b) ∈ XV,W one can associate a complex CV,W (x) of bundles on P2 in

the following way:

V ⊗OP2(−1) −−−−−−−−→

A=

0

BBB
@

zα1 − x

zα2 − y

za

1

CCC
A

V ⊗OP2

⊕

V ⊗OP2

⊕

W ⊗OP2

−−−−−−−−−−−−−−−→
B= ( y−zα2 | zα1−x | zb )

V ⊗OP2(1) (2.7)

The maps A and B are nothing but matrices of linear forms on P2. Let HiC(x), i = 0, 1, 2

denote the three cohomology sheaves of the complex. One can check that

(i) H0C(x) = 0.

(ii) A is fibrewise injective iff x ∈ Xnc.

(iii) H2C(x) = 0 if and only if x ∈ Xns.

It follows by (i) and (iii) that for each x ∈ Xns, the cohomology sheaf Fx := H1C(x) is an

element of MG(r, n). If in addition x ∈ Xnc, then by (ii) the sheaf Fx is locally free. Also

note that if x and x′ lie in the same GL(V )-orbit, the associated sheaves Fx and Fx′ are

isomorphic.

Conversely, starting with a torsionfree sheaf F ∈ MG(r, n) one can recover the “monad”

(2.7) using the Beilinson spectral sequence

Ers1 := Hs(P2,F(−1) ⊗ Ω−r
P2 (−r))⊗C OP2(r) =⇒ Ei∞ ∼=






F(−1) , if i = 0

0 , if i 6= 0
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applied to F(−1). The triviality of F along L implies that the cohomoloy groups HsF(−q)

and Hs(F(−1) ⊗ Ω1
P2(1)) vanish for s = 0, 2 and q = 1, 2. As a consequence, the E1-term

of the spectral sequence simplifies after twisting to a complex

H1F(−2)⊗OP2(−1) A−→ H1(F(−1) ⊗ Ω1
P2(1))⊗OP2

B−→ H1F(−1) ⊗OP2(1) (2.8)

which has the propertiesH0 = H2 = 0 andH1 ∼= F thanks to the convergence of the spectral

sequence. Setting V = H1F(−2) and W = H0(L,Ker(B)|L) and using the framing of F

along L allows one to choose bases in such a way that one can express the maps A and B

in the normal forms ( zα1 − x , zα2 − y , za )T and ( y − zα2 , zα1 − x , zb ) from (2.7). The

condition B ◦ A = 0 of being a complex translates to [α1, α2] + ba = 0 and one can also

recover the N-stability condition from the complex. The automorphism groups of the three

bundles in (2.8) act naturally by conjugation on the complex. The action has to be trivial

over the line of framing L. Using this property, it is easy to show that the action simplifies

under the identifications made above to g.(α1, α2, a, b) = (gα1g−1, gα2g−1, ag−1, gb).

All these observations can be summarized as follows.

Theorem 2.3 (Nakajima [31], Donaldson [7]). (i) The geometric quotient X �+ G =

Xns/G is isomorphic to the Gieseker compactification MG(r, n) of the space of framed

SL(r,C)-bundles with second Chern class n by torsionfree sheaves.

(ii) The smooth subquotient (Xns ∩Xnc)/G is isomophic to the moduli space M0(r, n) of

framed SL(r)-bundles and is contained as an open dense subset in both, X �± G and

the affine quotient X �0 G.

As an immediate consequence, both spaces M0(r, n) and MG(r, n) are smooth, affine vari-

eties of dimension 2nr containing a factor of C2 by the remark on page 10.

2.3.2 Cohomological interpretation of the linear data

Consider a point x = (α1, α2, a, b) in Xns
V,W and let F denote the associated torsionfree

framed sheaf in the Gieseker compactification. Then it follows for free from the Beilinson
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construction that the vector spaces V and W can be interpreted as

V ∼= H1F(−2) ∼= H1F(−1) and W ∼= H0F|L ∼= H1F|L(−2).

But with a bit of diagram chasing one can show that not only the spaces but also the linear

maps αi : V → V , a : V →W and b : W → V have a cohomological interpretation: Let

0→ OP2(−1) ·z−→ OP2 → OL → 0 (2.9)

be the sequence defining the line L along which the sheaves are framed. After twisting it by

F , the boundary map H0(F|L) −→ H1F(−1) in the associated cohomology sequence turns

out to be b : W → V . Similarly, tensoring (2.9) by F(−2) and taking the first cohomology

H1F(−2) −→ H1FL(−2) of the restriction map yields the map a : V → W .

For (r1, r2) 6= (0, 0), denote by L(r1,r2) := V (r2x − r1y) the line in P2 passing through the

points 〈0, 0, 1〉 and 〈r1, r2, 1〉. Twisting the short exact sequence defining L(r1,r2) by F(−1)

and taking cohomology gives

0→ H0F|L(r1,r2)(−1)→ H1F(−2)
∪ (r2x−r1y)
−−−−−−−→ H1F(−1)→ H1F|L(r1,r2)(−1)→ 0

The map in the middle can be identified with the endomorphism (r1α1 + r2α2) : V → V .

Corollary 2.4. The sheaf F restricted to the line L(r1,r2) has trivial splitting type

(0, 0, . . . , 0) if and only if (r1α1 + r2α2) : V → V is an isomorphism.

Remark: In the n = 1 case, r1α1 + r2α2 is an isomorphism if and only if it is non-zero.

Hence F has trivial splitting type along all lines passing through 〈0, 0, 1〉 except for the

(jumping) line which meets the point q = 〈−α2, α1, 1〉. The point q is also given as the

vanishing locus of a non-trivial section in H0F = C.
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2.3.3 How to regard X �− G as a moduli space

For symmetry reasons, it would be nice to have also an interpretation of the other geometric

quotient X �− G as a moduli space of torsionfree sheaves. However for the points x ∈

Xnc \Xns lying over the “boundary” of X �− G, the second map of the associated monad

C(x) is not longer surjective (c.f. (2.7), remark (iii)) and therefore it is impossible to assign

simply the sheaf H1C(x) to the given data.

Fortunately, there is an easy way to circumvent this problem: As MG(r, n)-varieties, the

two quotients X �+ G and X �− G are only birational, but if we regard them as varieties

over Spec(C) they are isomorphic and we can use that isomorphism for a moduli-theoretical

interpretation of the quotient X �− G. To see this, consider

ι : Xnc
V,W −→ XV ∗,W ∗; (α1, α2, a, b) 7→ (αT1 , α

T
2 ,−a

T , bT )

which assigns to a given point x = (α1, α2, a, b) its “dual” linear algebra data. The map has

image Xns
V ∗,W ∗, fullfills ι(g.x) = (g−1)T .ι(x) and is hence equivariant for the dual action of

G on Xns
V ∗,W ∗. It descends to an isomorphism

ῑ : XV,W �− G −→ XV ∗,W ∗ �+ G ∼= MG(r, n)

By theorem 2.3.(ii), we can identify the points G.x of the subquotient (Xns ∩ Xnc)/G of

Xnc/G = X �− G via the monad construction with vector bundles Ex. If we now examine

the monad (2.7) associated to the image of ι(x), it turns out that we obtain the dual bundle

E∗
x as its first cohomology sheaf.

This motivates the following interpretation of the quotient X �− G as a Gieseker space:

Definition 2.5. We regard a point G.x ∈ X �− G as the isomorphism class of the framed

sheaf associated to the monad CV ∗,W ∗(ι(x)) of the dual data ι(x).
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2.3.4 The affine quotient X �0 G and the Uhlenbeck compactification MU (r, n)

Fix an SU(r)-bundle E on the sphere S4 with c2(E) = n and consider the space of SU(r)-

connections A on E with F+
A = 0. The gauge group G = Aut(E) acts freely on the space of

pairs (A, E∞
≈→ Cr ) consisting of an anti-selfdual connection and a trivialization over the

north pole ∞ ∈ S4. We call the quotient space IM(S4, r, n) the moduli space of pointed

SU(r)-instantons of charge n. In his groundbreaking paper [7], Donaldson identified this

space of instantons with the space M0(r, n) of framed bundles on P2 in the following way:

Restricting the Hopf-fibration P1
C → P3

C
π−→ P1

H
∼= S4 to a hyperplane P2

C ⊂ P3
C which

contains the line L = π−1(∞), one can associate by the Ward correspondence to an SU(r)-

instanton A a holomorphic structure EA on the topological bundle (π∗E)|P2 . The trivial-

ization f : E∞ ∼= Cr of the connection over ∞ induces a framing Φ : (EA)|L
≈→ OrL of the

bundle over the line L. Moreover, this map IM(S4, r, n) −→ M0(r, n); (A, f) 7→ (EA,Φ) is

an isomorphism as Donaldson proves using the ADHM-description

IM(S4, r, n) = (µ−1
1 (0) ∩Xns ∩Xnc )/U(V ) (2.10)

of the space of instantons as a symplectic quotient. Here the action is given by restricting

the action (2.1) of GL(V ) to its maximal compact subgroup U(V ) and µ1 : M −→ u(V ) is

the real moment map

µ1(α1, α2, a, b) =
i
2

([α1, α∗
1] + [α2, α∗

2] + a a∗ − b∗ b). (2.11)

By a result of Kempf and Ness, the quotient (2.10) is isomorphic to (Xns ∩Xnc )/GL(V )

which in turn by theorem 2.3.(ii) can be regarded as the space M0(r, n) of framed SL(r,C)-

bundles on P2.

In differential geometry, there is a (partial) compactification of the space IM(S4, r, n) by

so called ideal instantons. An ideal instanton of charge n is a pair (A, p1 + · · · + pk) ∈

IM(S4, r, n − k) × SkR4, where A is an ASD-connection of charge n − k whose curvature
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density

|FA|2 + 8π2
k∑

i=1

δpi

is allowed to have “peaks” over the points p1, . . . , pk ∈ S4 \ {∞} = R4 = C2. The total

mass of the curvature density of an ideal connection is therefore 8π2n, where n is the second

Chern class of the underlying bundle.

Using a suitable notion of convergence for these ideal instantons (cf. [8], p. 137), one obtains

a complete, stratified topogical space

MU (r, n) =
n∐

k=0

IM(S4, r, n − k)× SkR4 ∼=
n∐

k=0

M0(r, n − k)× SkC2, (2.12)

where the second isomorphism follows from the discussion above and allows us to consider

the Uhlenbeck space MU (r, n) as a compactification of the moduli space M0(r, n) of framed

bundles on P2 containing it as an open dense subset.

For our purposes, we will now refine the stratification (2.12) of the Uhlenbeck compact-

ification MU (r, n) by further decomposing the symmetric products SkC2. Let (ν) =

(ν1, ν2, . . . , νl), ν1 ≥ · · · ≥ νl > 0 denote a partition of k. Then

SkC2 =
∐

(ν) ⊢ k

Sk(ν)C
2, where Sk(ν)C

2 :=

{ l∑

i=1

νi · pi ∈ SkC2

∣∣∣∣∣
pi 6= pj for i 6= j

}

.

The Uhlenback compactification carries moreover the structure of an (affine) algebraic va-

riety. Thanks to the quotient description, this is much easier to prove than in the case of

semi-stable SL(r,C)-bundles, cf. Li’s tour de force [27]:

Theorem 2.6. The full affine quotient X �0 G is isomorphic to the Uhlenbeck space

MU (r, n) and the isomorphism

XV,W �0 GL(V ) ≈−→
∐

0≤k≤n
(ν) ⊢ k

M0(r, n − k)× Sk(ν)C
2 = MU (r, n)

to its refined stratification is induced by the decomposition V = V1⊕V2 from lemma 2.1.(iii).
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Proof: If x ∈ XV,W has a closed GL(V )-orbit, we can decompose by lemma 2.1.(iii)

the vector space V into a direct sum V1 ⊕ V2 such that x splits as x1 ⊕ x2 with x1 ∈

Xns
V1,W ∩ X

nc
V1,W , x2 ∈ XV2,{0} and GL(V2).x2 = GL(V2).x2. Since the affine quotient

parametizes closed orbits GL(V ).x this splitting procedure induces an isomorphism

XV,W �0 GL(V ) ≈−→
n∐

k=0

Xns
Cn−k ,W ∩X

nc
Cn−k ,W

GL(n− k)
×XCk ,{0} �0 GL(k)

after taking quotients. Theorem 2.3.(ii) implies that the first factors
Xns

Cn−k,W
∩Xnc

Cn−k,W
GL(n−k)

are isomorphic to the moduli spaces M0(r, n − k). The second factors XCk,{0} �0 GL(k)

parametrize closed orbits of pairs (α1, α2) of commuting (k × k)-matrices under the action

of GL(k) by conjugation. We complete the proof by constructing an isomorphism

XCk,{0} �0 GL(k) ≈−→
∐

(ν) ⊢ k

Sk(ν)C
2.

It is obtained in the following way: We bring the two commuting matrices α1 and α2 in

Jordan canonical form with respect to the decomposition into their common generalized

eigenspaces Si:

Ck = S1 ⊕ · · · ⊕ Sl, νi := dimSi.

Then the orbit of (α1, α2) contains an element (α′
1, α′

2) = (
⊕

i Jα1(λi),
⊕

i Jα2(µi) ) which

is unique up to permutation of the Jordan matrices Jα1(λi), Jα2(µi) consisting of all Jordan

blocks for the eigenvalues λi and µi respectively. Using the closedness of the orbit, we can

eliminate the nilpotent part in the Jordan matrices by passing to limt→0 λ(t)−1(α′
1, α′

2)λ(t),

where λ(t) = Diag(t, t2, . . . , tν1 | . . . | t, t2, . . . , tνl). Then the map XCk,{0} → SkC2 defined

by sending a matrix pair (α1, α2) to the spectrum of eigenvalues
∑l

i=1 νi · (λi, µi), weighted

with the multiplicities νi = dimSi, descends to the desired isomorphism.

Digression: As a byproduct of our journey into differential geometry we obtain easily that

the moduli spaces MG
± (r, n) and MU (r, n) carry all the structure of hyper-Kähler varieties:

If we decompose the complex moment map (2.2) as µC = µ2 + i µ3 regarding End(V ) as the
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complexification of u(V ), we obtain together with (2.11) a hyper-Kähler moment map

µ =





µ1

µ2

µ3




: M −→ u(V )⊗ R3; (α1, α2, a, b) 7→





i
2 ( [α1, α∗

1] + [α2, α∗
2] + a a∗ − b∗ b )

1
2 ( [α1, α2]− [α∗

1, α∗
2] + b a+ a∗ b∗ )

− i
2 ( [α1, α2] + [α∗

1, α∗
2] + b a− a∗ b∗ )





The induced hyper-Kähler quotient

X///χ U(V ) = µ−1(i · dχ, 0, 0) /U(V ),

where dχ denotes the differential of the real part of the character χ(g) = det(g)µ from (2.4)

can be identified with one of the three quotients X�+GL(V ), X�0GL(V ) andX�−GL(V ),

depending on the sign of the exponent µ of the character.

2.4 The two Gieseker-to-Uhlenbeck maps and their fibres

The two resolutions of singularities in

MG
+ (r, n) ∼= X �+ G oo //_______________

π+

**TTTTTTTTTTTTTTTT
X �− G ∼= MG

− (r, n)
π−

ttjjjjjjjjjjjjjjjj

X �0 G ∼= MU (r, n)

can be considered as the “higher-rank analogues” of the cycle map from the Hilbert scheme

Hilbn(C2) of n points in the plane C2 to the symmetric product SnC2. We describe two the

Gieseker-to-Uhlenbeck morphisms π± moduli-theoretically and characterize their fibres.

Let us have a closer look at the points on the boundary of the Gieseker spaces: A coherent

sheaf F on any variety is torsionfree if and only if the canonical map from F to its double

dual F∗∗ is injective. The latter is a reflexive sheaf and therefore its singularity set has

codimension at least 3. Hence every torsionfree framed sheaf F on the boundary of the
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Gieseker compactification MG
± (r, n) can be characterized by a short exact sequence

0→ F −→ F∗∗ −→ F∗∗/F → 0, (2.13)

where F∗∗ is locally free on P2 and the cokernel F∗∗/F is a sheaf of finite length n −

c2(F∗∗). By induction on the length of C := F∗∗/F and using [16].III.7.3, one can show that

Exti(C,OP2) = 0 for i = 0, 1. Dualizing (2.13) yields therefore Ext1(F ,OP2) ∼= Ext2(C,OP2).

This Artinian sheaf Ĉ := Ext1(F ,OP2) can be regarded as “dual” to C in the sense that

C ∼= Ext2(Ĉ,OP2) and Ĉ ∼= Ext2(C,OP2).

Note that any coherent Artinian sheaf D on P2 splits into a direct sum
⊕
Dµ of Opµ-modules

Dµ of finite length, where {p1, . . . , pm} = V
(√

Ann(C)
)

is the reduced support of D. We

associate to D the zero-cycle

Z(D) :=
m∑

µ=1

length (Dµ) · pµ.

Theorem 2.7. The canonical surjections π± : X�±G −→ X�0G induced by the inclusions

O(X)G ⊆
⊕

n≥0O(X)G,χ±
n are

π+ : MG
+ (r, n) −→MU (r, n), (F ,Φ) 7→ ( (F∗∗,Φ), Z(F∗∗/F) ) (2.14)

π− : MG
− (r, n) −→MU (r, n), (F ,Φ) 7→ ( (F∗,Φ), Z(Ext1(F ,OP2)) ). (2.15)

Remark: The morphism (2.14) is the “usual” Gieseker-to-Uhlenback map. It has been

studied in the more complicated context of semi-stable rather than framed sheaves by

Morgan [28] and Li [27].

Proof: First recall that every point y ∈ X whose GL(V )-orbit is closed has a splitting

y = y1 ⊕ y2 induced by a decomposition of the vector space V = V1 ⊕ V2, cf. lemma

2.1.(iii). The component y1 is both N-stable and N-costable in XV1,W . Therefore the

monad (2.7) associated to y1 has a locally free first cohomology sheaf Ey1 . The monad

associated to the other component y2 ∈ XV2,{0} is a complex of Koszul-type and hence all
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its cohomology sheaves vanish except for H2 which is a sheaf Cy2 of finite length on P2.

Thus, the orbit of y is mapped under the isomorphism X �0 GL(V ) −→ MU (r, n) from

theorem 2.6 to the pair ( Ey1 , Z( Cy2) ) := ( H1CV1,W (y1), Z(H2CV2,{0}(y2)) ).

The two maps π± : X �± GL(V ) −→ X �0 GL(V ) in question are given by sending the

orbit GL(V ).x of a N-stable (respectively N-costable) point x to the unique closed orbit

in GL(V ).x. By a lemma of Kempf, there exists a representative y of the latter and a

one-parameter group λ : C∗ → G such that limt→0 λ(t).x = y. If we denote the torsionfree

framed sheaf in MG
± (r, n) associated to the orbit of x by Fx, we can rewrite the Gieseker-

to-Uhlenbeck maps ”on the sheaf level” as:

π± : MG
± (r, n) −→MU (r, n); Fx 7→ ( Ey1 , Z( Cy2) ) (2.16)

If we could show the existence of short exact sequences

0→ Fx −→ Ey1 −→ Cy2 → 0 if x ∈ Xns (2.17)

0→ Fx −→ E∗
y1
−→ Ext2(Cy2 ,OP2)→ 0 if x ∈ Xnc (2.18)

it would complete the proof since dualizing (2.17) twice yields Ey1 = E∗∗
y1
∼= F∗∗

x and

Cy2
∼= F∗∗

x /Fx. Similarly, taking the dual of (2.18) shows that Ey1 = E∗∗
y1
∼= F∗

x and

Ext2(Cy2 ,OP2) ∼= F∗∗
x /Fx. But then the remarks below (2.13) about duality of sheaves of

finite length imply that Cy2
∼= Ext2(F∗∗

x /Fx,OP2) ∼= Ext1(Fx,OP2).

In order to find the two sequences, we consider the decomposition of V into λ-weight spaces

Sm := {v ∈ V | λ(t)v = tmv}. The particular form of the given action (2.1) implies that

the limit y is the restriction of x = (α1, α2, a, b) to the subspace

(
⊕

m∈Z

End(Sm)

)

⊕

(
⊕

m∈Z

End(Sm)

)

⊕Hom(S0,W )⊕Hom(W,S0)

of the matrix space M, or more prosaic: Taking λ.(t).x and letting t approach zero reduces

the matrices α1 and α2 to skeletons of block-diagonal matrices as on page 37 and picks out
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the S0-components of a and b. Now we relate the weight-decomposition to the splitting

y1 ⊕ y2 of y: If x is N-stable, then V =
⊕

m≥0 S
m, V1 = S0 and V2 =

⊕
m>0 S

m and

if x is N-costable, it turns out that V =
⊕

m≤0 S
m, V1 = S0 and V2 =

⊕
m<0 S

m. The

crucial point is that in both cases x|V1 = y1 allowing us to construct (non-split) short exact

sequences of complexes

0 −→ CV2,{0}(y2) −→ CV,W (x) −→ CV1,W (y1) −→ 0 if x ∈ Xns (2.19)

0 −→ CV ∗
2 ,{0}(ι(y2)) −→ CV ∗,W ∗(ι(x)) −→ CV ∗

1 ,W ∗(ι(y1)) −→ 0 if x ∈ Xnc (2.20)

(Recall how we interpret the sheaves in MG
− (r, n): We pass from x ∈ Xnc first via ι to the

“dual matrix data”, and then to the monad, cf. definition 2.5.)

The complexes CV2,{0}(y2) and CV ∗
2 ,{0}(ι(y2)) are Koszul and have only non-vanishing second

cohomology. The stabilitity properties of the points x, y1 and their images under the map

ι allow one to apply the results (i)-(iii) on page 12 to the long exact cohomology sequences

associated to (2.19) and (2.20). They simplify to

0 −→ H1CV,W (x) −→ H1CV1,W (y1) −→ H2CV2,{0}(y2) −→ 0, x ∈ Xns

0 −→ H1CV ∗,W ∗(ι(x)) −→ H1CV ∗
1 ,W ∗(ι(y1)) −→ H2CV ∗

2 ,{0}(ι(y2)) −→ 0, x ∈ Xnc

with locally free sheaves in the middle and and sheaves of finite length on the right. The

first sequence is exactly (2.17) as desired. To see that the second one is indeed (2.18), recall

first from page 15 that H1CV ∗
1 ,W ∗(ι(y1)) is the dual of the bundle Ey1 = H1CV1,W (y1). It

remains to show that Ext2(Cy2 ,OP2) = Ext2(H2CV2,{0}(y2) ,OP2) ∼= H2CV ∗
2 ,{0}(ι(y2)). But

this follows since every free resolution 0→R3 →R2 →R1 → D → 0 of a sheaf D of finite

length on P2 is transformed by dualizing into an exact sequence 0 → R∗
1 → R∗

2 → R∗
3 →

Ext2(D,OP2)→ 0 as a brief computation confirms.
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The fibres

Now we characterize the fibres of the two Gieseker-to-Uhlenbeck maps π±.

Let Endnil(V ) ⊂ End(V ) denote the closed, singular subset of nilpotent endomorphisms of

V . Consider the GL(V )-invariant subset

Y +
V := Xns ∩ ( Endnil(V )⊕ Endnil(V )⊕ {0} ⊕Hom(W,V ) ). (2.21)

of the set of N-stable points. In other words, Y +
V is the set of triples (α1, α2, b) with the

property that

(i) α1 and α2 are commuting nilpotent endomorphisms of V and

(ii) there exists no proper αi-invariant subspace S of V such that S contains the image

of the homomorphism b : W → V .

We denote by Quot(r, n) the punctual Quot-scheme parametrizing isomorphism classes of

quotients W ⊗ OC2 → C where C is an Artinian sheaf of length n supported on a single

point p in C2. It does not depend on the choice of the point, so we assume p = (0, 0).

Lemma 2.8. There is a surjective morphism η : Y +
V → Quot(r, n). The fibres are precisely

the orbits of the free action of GL(V ) on Y +
V . Thus, the punctual Quot scheme Quot(r, n)

is isomorphic to the (possibly singular) subvariety Y +
V /GL(V ) ⊂ X �+ GL(V ) ∼= MG

+ (r, n).

Proof: (i) The map η is constructed as follows: Let (α1, α2, b) ∈ Y + be given. Define a

C[x, y]-module structure on V by x.v := α1(v) and y.v := α2(v) (here we use [α1, α2] = 0).

Since α1 and α2 are nilpotent it follows that
√

Ann(V ) = (x, y). Now we extend the

homomorphism b : W → V to a C[x, y]-algebra homomorhism in the following way:

ψ : W ⊗C C[x, y] −→ V, w ⊗ f 7→ f(α1, α2)b(w).

This map is also surjective: Since Im(ψ) is αi-invariant and contains Im(b) = ψ(W ⊗ {1}),

the N-stability implies Im(ψ) = V . After sheafifying, we get a quotient W ⊗OC2 → C → 0

with Z(C) = (0, 0) and l(C) = n.
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(ii) To show the surjectivity of the map η : Y + → Quot(r, n), let us start with a quotient

W⊗O → C → 0. Multiplication by x and y induces a pair of commuting nilpotent operators

on H0C. Since l(C) = n, we can choose an isomorphism H0C ∼= V and regard the operators

as endomorphisms αi on V . Consider the induced map on global sections

φ : W ⊗ C[x, y] −→ H0C ∼= V.

It stays surjective because H1(C2,Ker(φ)) = 0. Define b : W → V by b(w) := φ(w ⊗ 1).

It remains to show that (α1, α2, b) is N-stable. Suppose there exists a decomposition V =

S ⊕S′ where S is an αi-invariant subspace with Im(b) ⊆ S. Let w1, . . . , wr be a basis of W

and choose a vector v′ ∈ S′. Then the surjectivity of φ implies the existence of fi ∈ C[x, y]

with

v′ = φ

( r∑

i=1

wifi

)

=
r∑

i=1

fib(wi) =
r∑

i=1

∑

j,k

ai,jkxjyk b(wi).

The αi-invariance of S yields xjykv ∈ S for all v ∈ Im(b) ⊆ S. Thus v′ ∈ S and consequently

S′ = 0.

(iii) Since Y + ⊂ Xns, the action is free by lemma 2.1.(i). Different points in the same

GL(V )-orbit define isomorphic quotients, hence the fibres of η : Y + → Quot(r, n) are

GL(V )-invariant. Suppose y1, y2 ∈ Y + give rise to isomorphic quotients W ⊗O → Ci then

the induced isomorphism H0C1 ∼= H0C2 is given by a g ∈ GL(V ) with y2 = g.y1. Hence the

fibers of η are exactly the GL(V )-orbits.

Example: Quot(r, 1) ∼= Pr−1 because Y + = {(0, 0, b) | b 6= 0} and Y +/C∗ = Pr−1. Note

that this is also obvious directly: All quotients W ⊗ O → Op → 0 are parametrized by

P(W ∗ ⊗Op).

Baranovsky [2] and Lehn [11] proved independently that the punctual Quot-scheme

Quot(r, n) is irreducible of dimension rn − 1. This allows us together with lemma 2.8

to characterize the fibres of the Gieseker-to-Uhlenbeck map completely:
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Theorem 2.9. Let q = ( E , ν1p1 + · · ·+ νlpl) ∈ M0(r, n − k) × Sk(ν)C
2 ⊆ MU (r, n), where

l = l(ν) denotes the length of the partition (ν) ⊢ k. Then the fibre of the morphism π+ :

MG
+ (r, n) −→ MU (r, n) over the point q is irreducible of dimension rk − l and isomorphic

to
l∏

i=1

Y +
Cνi /GL(νi) ∼=

l∏

i=1

Quot(r, νi).

Two remarks:

(i) Note that although MG
+ (r, n) is non-singular, the fibres π−1

+ (q) are not necessarily

smooth since Y +
Cνi is a subvariety of a space containing two copies of Endnil(Cνi), the

variety of nilpotent endomorphisms.

(ii) Similarly to (2.21), let us define Y −
V := Xnc∩ ( Endnil(V )⊕Endnil(V )⊕Hom(V,W )⊕

{0} ). Then by symmetry, the fibre of π− : MG
− (r, n) −→ MU (r, n) over the point q

are isomophic to
∏
Y −

Cνi /GL(νi).

Example: Consider the Uhlenbeck space MU (r, 2) of charge-two ideal instantons.

Stratum in MU (r, 2) Typical element q π−1
+ (q) π−1

− (q)

M0(r, 2) E {E} {E∗}

M0(r, 1) ×C2 (E , p) PE∗
p
∼= Pr−1 PEp ∼= Pr−1

{W ⊗OP2} × S2
(1,1)C

2 (W ⊗OP2 , p1 + p2) PW ∗ × PW ∗ PW × PW

{W ⊗OP2} × S2
(2)C

2 (W ⊗OP2 , 2p) Y +
C2/GL(2) Y −

C2/GL(2)
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2.5 The tangent complex

We review some facts about the tangent complex for the various compactifications.

The differential of the complex moment map µ : M→ End(V ) at a point x = (α1, α2, a, b)

is

dxµ : M −→ End(V ); (β1, β2, r, s) 7→ [α1, β2] + [β1, α2] + br + sa

and the differential of the orbit map σx : GL(V )→ M, g 7→ g.x turns out to be

dxσx : End(V ) −→M; g 7→ ( [g, α1], [g, α2],−ag, gb ).

If x ∈ X = µ−1(0) then End(V ) dxσx−−−−→ M dxµ−−−−→ End(V ) is a complex with cohomology

• H0 = Ker(dxσx) = TxStab(x) ∼= Lie(R)

• H1 = Ker(dxµ)/Im(dxσx)

• H2 = Coker(dxµ) = { ξ ∈ End(V ) | [α1, ξ] = [α2, ξ] = 0, ξb = 0 and aξ = 0 }

as one can easily verify using Coker(dxµ) = { ξ ∈ End(V ) | 〈 ξ, Im( dxµ ) 〉 = 0 }, where

〈γ1, γ2〉 := Tr(γ1 ◦ γ2) is a non-degenerate, symmetric pairing on End(V ). Note that if

ξ ∈ H2 then Im(ξ) and Ker(ξ) are αi-invariant subspaces on V with Im(ξ) ⊆ Ker(a) and

Ker(ξ) ⊇ Im(b). Let us have a closer look at the complex:

Certainly, the differential dxσx is injective if x ∈ Xns ∪ Xnc because those points have a

trivial stabilizer. Furthermore, if x ∈ Xns then the N-stability implies Ker(ξ) = V and

consequently H2 = 0. Similarly x ∈ Xnc yields Im(ξ) = 0 and therefore the surjectivity of

dxµ.

Corollary 2.10. The Gieseker compactifications MG
± (r, n) = X �± G and the open subva-

riety of stable points in the Uhlenbeck-compactification MU (r, n) are smooth. The tangent

space at a point x = G.x is modeled by Ker(dxµ)/ Im(dxσx).
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2.6 Framed bundles on the blown up plane

The description of the moduli space of framed bundles on the blowup of P2 at one point in

terms of linear algebra data is the subject of A. King’s thesis [20]. We sketch his construction

and summarize the results which are important for our applications. Since it is quite

analogous to the construction for the projective plane described in sections 2.1.-2.3., we

leave some of the steps to the reader.

Let V1 and V2 be two n-dimensional complex vector spaces and W ∼= Cr. The suitable affine

space in this situation is

M̃ = Hom(V1, V2)2 ⊕Hom(V1,W )⊕Hom(W,V2)⊕Hom(V2, V1) (2.22)

and the group GL(V1)×GL(V2) acts on M̃ by

(g1, g2).(α1, α2, a, b, c) = ( g2 α1 g−1
1 , g2 α2 g−1

1 , a g−1
1 , g2 b, g1 c g−1

2 ). (2.23)

The analog of the complex moment map (2.2) is

µ : M̃→ Hom(V1, V2) ; (α1, α2, a, b, c) 7→ α1 c α2 − α2 c α1 + b a. (2.24)

and the zero-fibre X̃ = µ(0)−1 is GL(V1)×GL(V2)-invariant.

V1

a ''

α1 ++
α2 ++

V2ckk

W b

EE

Figure 2: The quiver for the space of bundles on the plane blown up at a point

A point x̃ = (α1, α2, a, b, c) is called stable if there exists no pair (S1, S2) ⊆ (V1, V2) of

subspaces with dimS2 ≤ dimS1 and S1 6= V1 such that αi(S1) ⊆ S2, c(S2) ⊆ S1 and

Im(b) ⊆ S2 and if there is no pair of subspaces (S1, S2) ⊆ (V1, V2) with dimS2 ≤ dimS1
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and S2 6= 0 such that αi(S1) ⊆ S2, c(S2) ⊆ S1 and S1 ⊆ Ker(a). We denote the open subset

of stable points in X̃ by X̃s.

To characterize the bundles on the blowup of the plane associated to this linear algebra

data we describe the blowup in the following way:

As before, we choose coordinates x, y, z for points in the projective plane P2 and coordinates

u, v,w for the points in the dual plane (P2)∗. The blowup P̃2 of the plane at the point

o = 〈0, 0, 1〉 is the restriction of the flag variety

F = { ( 〈x, y, z〉, 〈u, v,w〉 ) | ux + vy + wz = 0 } ⊂ P2 × (P2)∗

to the hyperplane cut out by w = 0. The restriction of the two natural projections

P2 ←− F −→ (P2)∗

to w = 0 are the blowing down map σ : P̃2 −→ P2, with the exceptional divisor E given by

x = y = 0 and the realization τ : P̃2 −→ (P1)∗ of the blowup as a surface ruled over the line

V (w) in (P2)∗.

The line bundles OfP2(p, q) on P̃2 are given by restriction of the line bundles OP2×(P2)∗(p, q)

to the blowup. The spaces of sections H0OfP2(1, 0) and H0OfP2(0, 1) of the generators of the

Picard group have bases x, y, z and u, v respectively. The linear system |O(0, 1)| contains

the fibres f of the second projection τ : P̃2 → (P1)∗. The strict transform of the line of

framing L is an element of |O(1, 0)|. Finally, E ∈ |O(1,−1)| and E is cut out by the section

s = y
u = −xv .

The monad that associates to the linear data x̃ = (α1, α2, a, b, c) a vector bundle Gx̃ on the
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blowup of P2 at o has the following form

V2 ⊗OfP2

⊕
V1 ⊗OfP2

V1 ⊗OfP2(−1, 0) ⊕ V2 ⊗OfP2(1, 0)

⊕ V2 ⊗OfP2 ⊕
V2 ⊗OfP2(0,−1) ⊕ V1 ⊗OfP2(0, 1)

V1 ⊗OfP2

⊕
W ⊗OfP2

0

BBBBBBBBB@

α1z −v

x− c α1z 0

α2z u

y − c α2z 0

az 0

1

CCCCCCCCCA

// //0

@ y α2z −x −α1z bz

c u u c v v 0

1

A

(2.25)

and allows one to pass between the linear algebra data and the bundles. So we obtain by

analogy to the planar case:

Theorem 2.11 (King). The smooth 2nr-dimensional fine moduli space M0(P̃2, r, n) of

SL(r,C)-bundles with c2 = n on the blowup P̃2 of the plane at the point o = 〈0, 0, 1〉

which are framed along the strict transform of the line L is isomorphic to the geometric

quotient X̃s/(GL(V1)×GL(V2)).

Cohomological interpretation of the maps: Let G denote the bundle on the blowup

associated to the matrix data x̃ = (α1, α2, a, b, c) via the monad (2.25).

Then the vector spaces V1, V2 and W have the cohomological interpretation as

V1 ∼= H1G(0,−1) ∼= H1G(−1,−1)

V2 ∼= H1G(−1, 0) ∼= H1G(−2, 0)

W ∼= H0(G|L) ∼= H1(G|L(−2))

Taking the tensor product of the exact sequence 0→ O(−1, 0)→ O(0,−1)→ O|E(−1)→ 0

given by multiplication with the section −s ∈ H0O(1,−1) with the bundle G and passing
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to cohomology yields an exact sequence

0→ H0G|E(−1)→ H1G(−1, 0)
∪ (−s)
−−−−→ H1G(0,−1)→ H1G|E(−1)→ 0 (2.26)

where the map in the middle can be identified with c : V2 → V1.

Similarly, if fq denotes the fibre of the map τ : P̃2 → (P1)∗ over the point q = 〈q1, q2〉,

then multiplication by the section q2u − q1v of O(0, 1) induces a short exact sequence

0→ G(−1,−1)→ G(−1, 0) → G|fq (−1)→ 0 which gives rise to

0→ H0G|fq (−1)→ H1G(−1,−1) ∪ (q2u−q1v)
−−−−−−−→ H1G(−1, 0)→ H1G|fq (−1)→ 0 (2.27)

where the map in the middle turns out to be (q1α1 + q2α2) : V1 −→ V2.

This can be used to characterize the splitting behaviour of G along the exceptional line E

and the fibres fq in terms of the linear algebra data:

Lemma 2.12. The framed bundle G has trivial splitting type along

(i) the exceptional line E if and only if c : V2 −→ V1 is an isomorphism.

(ii) a fibre fq if and only if the map (q1α1 + q2α2) : V1 −→ V2 is an isomorphism.

Proof: A bundle G restricted to a line l has trivial splitting type along l if and only

h0Gl(−1) = 0 = h1Gl(−1) and therefore the claim follows from (2.26) and (2.27).

2.6.1 The pushforward map

There is an nice way to relate the ADHM-data of bundles on the blowup of P2 at a point

to the ADHM-data of instantons on P2. Consider the maps

θ1 : M̃V1,V2,W −→MV1,W ; (α1, α2, a, b, c) 7→ (c α1, c α2, a, c b) (2.28)

θ2 : M̃V1,V2,W −→MV2,W ; (α1, α2, a, b, c) 7→ (α1 c, α2 c, a c, b) (2.29)
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They preserve the integrability conditions and restrict to maps θi : X̃s
V1,V2,W −→ XVi,W .

Furthermore, they are equivariant with respect to the GL(V1)×GL(V2) and GL(Vi)-actions

but do not necessarily preserve the stability conditions. Thus, they descend in general only

to morphisms

Θi : M0(P̃2, r, n) −→MU (r, n). (2.30)

It is however not difficult to see that for a point x̃ = (α1, α2, a, b, c) ∈ X̃s
V1,V2,W the images

θi(x̃) lie in Xns
Vi,W ∩X

nc
Vi,W provided that c is an isomorphism. Hence it follows by theorem

2.3.(ii) that on the level of moduli spaces the images Θi(Gx̃) are framed vector bundles Ei

on P2, and one can check easily that σ∗Ei = Gx̃. These observations together with lemma

2.12 identify both maps Θ1 and Θ2 over an open subset of the moduli space with the

push-forward map:

Corollary 2.13. The subvariety U of bundles G in M0(P̃2, r, n) with trivial splitting type

along the exceptional divisor E is mapped under Θi : M0(P̃2, r, n) −→MU (r, n) to the space

of framed bundles M0(r, n) on P2 and both maps are given over U by Θi(G) = σ∗G.

In the charge n = 1 case, one can say more: From the explicit description

X̃s = C2 ×W \ {0} ×W ∗ \ {0} × C

Xns = C2 ×W ×W ∗ \ {0}

Xnc = C2 ×W \ {0} ×W ∗

of the various sets of stable points it follows that θ1(X̃s) = Xnc and θ2(X̃s) = Xns. Note

that the dual of a bundle Gx̃ associated to x̃ = (α1, α2, a, b, c) is isomorphic to the bundle Gx̃T

associated to the dual data x̃T = (α1, α2,−bT , aT , c). This can be checked by conjugating



32

the matrices

(BT , AT ) =









y cu

α2z u

−x cv

−α1z v

bT z 0





,




α1z x− cα1z α2z y − cα2z aT z

−v 0 u 0 0









of the dual of the monad (2.25) by the automorphisms

gleft = idC2, gmiddle =





0 0 0 −1 0

0 0 −1 c 0

0 1 0 0 0

1 −c 0 0 0

0 0 0 0 1





, gright =




−1 0

0 1





Using this, corollary 2.13 and the moduli-interpretation of the quotient Xnc/C∗ = MG
− (r, 1)

from 2.3.3., we obtain:

Lemma 2.14. The surjective morphisms on the level of moduli spaces induced by the maps

θ1(α1, α2, a, b, c) = (cα1, cα2, a, cb) and θ2(α1, α2, a, b, c) = (cα1, cα2, ca, b) are

Θ1 : M0(P̃2, r, 1) −→MG
− (r, 1); G 7→ σ∗(G∗) and

Θ2 : M0(P̃2, r, 1) −→MG
+ (r, 1); G 7→ σ∗G.
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3 Partial desingularization of G.I.T.–quotients

Frances Kirwan introduced in [22] a method to resolve the set of strictly semi-stable points

of any geometric invariant theory quotient X�G by stratifying it and blowing up the strata

step by step in a clever way. We first summarize her technique and apply it then in our

context to the Uhlenbeck space MU (r, n) regarded as an affine quotient X �0 GL(n).

3.1 Kirwan’s technique

Let X be an affine or projective variety and G be a reductive group acting linearly on X.

For any reductive subgroup R of G denote by ZR ⊂ X the set of points in X which are

fixed by R. Let N denote the normalizer of R in G. Then ZR ∩Xss coincides with the set

ZssR of semi-stable points for the induced action of N on the fixed point set ZR.

Now consider the variety of translates G.ZssR of ZssR under the group action. Notice that

G.ZssR1
⊆ G.ZssR2

if R2 ⊆ R1, and that for two conjugate reductive subgroups R the corre-

sponding varieties G.ZssR coincide.

For each 0 ≤ r ≤ dim(G), we choose a set of representatives R(r) of conjugacy classes of

connected reductive subgroups R ⊆ G of dimension r for which ZR ∩ Xss is non-empty.

These R(r) turn out to be finite sets, and we call the varieties of translates

G.ZssR = G.(ZR ∩Xss), R ∈ R(r), 0 ≤ r ≤ dim(G) (3.1)

the Kirwan-strata of the set Xss \Xs of strictly semi-stable points.

Lemma 3.1 ([22]). The Kirwan-strata G.ZssR are algebraically isomorphic to the twisted

quotients G ×N ZssR and are closed, smooth subvarieties of the open set Xss of semi-stable

points in X.

Let π : X̃ −→ X denote the blowup along the closure of G.ZssR in X with exceptional divisor

E. The original action of G on X induces an action on the blowup X̃ . Kirwan’s important
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observation is that there exists a linearization of the lifted action with respect to the tensor

product of O eX(−E) with a sufficiently large power of the pullback of the hyperplane bundle

on X such that:

(i) π−1(Xs) ⊆ X̃s and π(X̃ss) ⊆ Xss.

(ii) Neither R nor its conjugates fix any semi-stable point in X̃.

(iii) The induced quotient map π : X̃ �G→ X �G is the blowup of the image ZR �N in

X �G of the stratum G.ZssR ∼= G×N (ZR ∩Xss).

According to (i), stability and unstability are preserved under blowing up. The goal is to

force the strictly semi-stable points of X step by step to become “more stable”. Property

(ii) is the key to achieve this:

If we take the dimension r of the reductive subgroups to be maximal and blow up X

sucessively along the closures of the strict transforms of the smooth strata G.ZssR , R ∈ R(r),

we obtain a birational map X̃1 → X such that no reductive subgroup of dimension r fixes

any point of X̃1 due to (ii). Moreover the space X̃1 does not depend on the order in which

we blow up for the following reason: For distinct R1, R2 ∈ R(r), the Kirwan-strata G.ZssR1

and G.ZssR2
are disjoint and the semi-stability of points in G.ZssR2

is preserved under the

blowup along G.ZssR1
and vice versa.

Performing this procedure repeatedly, the maximal dimension r of stabilizers of strictly

semi-stable points will decrease after each step, and we obtain a space

ξ : X̂ := X̃k −→ X̃k−1 −→ · · · −→ X̃1 −→ X (3.2)

with the property that X̂ss = X̂s. This implies in particular that all points have now at

worst finite groups as stabilizers.
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Proposition 3.2 ([22]). The variety X̂ �G is obtained by blowing up X �G successively

along the strict transforms of the images ZR �N ⊆ X �G of the strata G.ZssR in decreasing

order of dim(R). This blowup X̂�G −→ X�G agrees with the G.I.T.-quotient map induced

by the morphism ξ : X̂ −→ X from (3.2) and is an isomorphism over Xs/G. If X is smooth,

the map ξ is a resolution of X �G up to orbifold singularities.

Caveat: The closure of the smooth stratum G.ZssR in X along which we blow up might

be singular on the boundary. In that case, one can blow up along a Hironaka-resolution of

G.ZssR instead. This does not affect the procedure since the possible singular points on the

boundary are all unstable, cf. [22], p. 61. We will not have to worry about this because in

the case of the affine Uhlenbeck quotient X = Xss, and the strata G.ZssR = G.ZR are closed

in X.

3.2 Application to our situation

We apply now Kirwan’s procedure to the quotient X �0 GL(V ) which we identified in

theorem 2.6 with the Uhlenbeck space MU (r, n). The resulting M̂(r, n) := X̂ �GL(V ) will

be the total space of the new compactification: Away from the exceptional sets which form

a normal crossings divisor, the variety M̂(r, n) is by theorem 2.3.(ii) and proposition 3.2

nothing but the moduli space M0(r, n) of framed bundles which we want to compactify.

The property that X is an affine variety has two immediate advantages: There are no un-

stable points in X and therefore the strata GL(V ).ZssR = GL(V ).ZR are closed subvarieties

of X. Furthermore, for any point x ∈ X having a closed GL(V )-orbit, the stabilizer of x is

reductive. A disadvantage is that X is singular. However, the singularity set of X is con-

tained in Xss \Xs, the set of strictly semi-stable points along which we blow up sucessively.

At the present moment, we do not know whether the variety M̂(r, n) obtained by Kirwan’s

method has singularities other than the ones resulting from non-trivial finite stabilizers. In

the case of charge one, the space M̂(r, 1) is a smooth variety as we will show in theorem

5.2.
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We have to determine the form of the Kirwan-strata:

Theorem 3.3. The strata GL(V ).ZR ⊂ X in our situation are indexed by partitions of

k ∈ {1, . . . , n}

(ν) = ( ν1, . . . , ν1︸ ︷︷ ︸
m1

, ν2, . . . , ν2︸ ︷︷ ︸
m2

, . . . , νl, . . . , νl︸ ︷︷ ︸
ml

) ⊢ k ν1 ≥ ν2 ≥ · · · ≥ νl.

The reductive subgroup of GL(V ) associated to such a partition is

R(ν) =

{ (

IdCn−k ⊕
l⊕

i=1

(gi ⊗ IdCmi )

) ∣∣∣∣∣
gi ∈ GL(νi,C)

}

and the smooth, closed Kirwan stratum GL(V ).XR(ν) consists of the the points in the inverse

image of M0(r, n − k) × Sk(ν)C
2 under the projection π : XV,W → MU (r, n) which have a

closed orbit.

Proof:

(i) “⊇”: Let x = (α1, α2, a, b) ∈ π−1(M0(r, n − k) × Sk(ν)(C
2)). Since GL(V ).x is closed,

lemma 2.1.(iii) implies that there is a unique splitting V = V1 ⊕ V2, x = x1 ⊕ x2 with

dimV1 = n− k, x1 ∈ Xns
V1,W ∩X

nc
V1,W , x2 ∈ XV2,{0} and GL(V2) .x2 closed. As in the proof

of theorem 2.6, we can find a g2 ∈ GL(V2) such that

g2.x2 =




l⊕

i=1

diag(λi, . . . λi︸ ︷︷ ︸
νi

)⊗ IdCmi ,
l⊕

i=1

diag(µi, . . . µi︸ ︷︷ ︸
νi

)⊗ IdCmi , 0, 0





Due to lemma 2.1.(i) we have StabGL(V1) (x1) = { IdV1 }. Letting g = IdV1 ⊕ g2, we get

Stab(g .x) = { IdV1} ⊕ StabGL(V2) (g2.x2) = R(ν) and hence g.x ∈ ZR(ν) . Thus we obtain

x ∈ GL(V ).ZR(ν) .

(ii) “⊆”: Let x ∈ G.ZR(ν) . Then there is a g ∈ GL(V ) such that x′ = g.x fullfills Stab(x′) =

R(ν). The form of R(ν) induces a α′
i-invariant splitting V = V ′

1 ⊕ V ′
2 , where dimV ′

1 = n− k

with V ′
2 ⊆ Ker(a′) and V ′

1 ⊇ Im(b′) because a′r−1 = a′ and rb′ = b′. On the other hand, since

the orbit is closed we also have the standard splitting V = V1⊕V2 and by definition of Vi it
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follows that V1 ⊆ V ′
1 and V ′

2 ⊆ V2. Since dimV1 = dimV ′
1 = n−k the two splittings coincide.

Following the recipe in the proof of theorem 2.6, one gets x′ ∈ π−1(M0(r, n−k)×Sk(ν)C
2).

Example: The strata for the Uhlenbeck space MU (r, 3).

Diagram Subgroup R dim(R) Kirwan stratum GL(3,C).ZR

GL(3,C) 9 π−1( {W ⊗OP2} × S3
(3)(C

2) )

GL(2,C)× C∗ 5 π−1( {W ⊗OP2} × S3
(2,1)(C

2) )

C∗ × C∗ × C∗ 3 π−1( {W ⊗OP2} × S3
(1,1,1)(C

2) )

{1} ×GL(2,C) 4 π−1(M0(r, 1) × S2
(2)(C

2) )

{1} × C∗ × C∗ 2 π−1(M0(r, 1) × S2
(1,1)(C

2) )

{1} × {1} ×C∗ 1 π−1(M0(r, 2) ×C2 )

There is also an explicit description of the strata in terms of the matrix data: The elements

x = (α1, α2, a, b) ∈ ZR(ν) for a stratum G.ZR(ν) associated to a partition (ν) have the form:









α(0)
1 0 · · · 0

0 α(1)
1

. . .
...

... . . . . . . 0

0 · · · 0 α(l)
1





,





α(0)
2 0 · · · 0

0 α(1)
2

. . .
...

... . . . . . . 0

0 · · · 0 α(l)
2





,





a(0)

0
...

0





,
(
b(0) 0 · · · 0

)





with

• α(0)
1 , α(0)

2 ∈ End(Cn−k)

• α(j)
i = α̃(j)

i ⊗ IdCνj for j = 1, . . . l; i = 1, 2, where α̃(j)
i ∈ End(Cmj )

• a(0) ∈ Hom(Cn−k,Cr) and b(0) ∈ Hom(Cr,Cn−k),

where [α(0)
1 , α(0)

2 ] + b(0)a(0) = 0 and [α(j)
1 , α(j)

2 ] = 0 for j = 1, . . . , l
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4 Dual pairs

In order to give the points in the exceptional sets in the Kirwan-“desingularization”

M̂(r, n) = X̂�GL(n) of the Uhlenbeck space a meaning in terms of vector bundles, the first

idea that comes to mind is to consider the objects on the boundary of the closely related

Gieseker compactification. Recall that these torsionfree framed sheaves have presentations

0→ F → F∗∗ → C → 0. The sheaf C is supported on a zero-scheme in P2 which begs to be

blown up. Natural candidates for the new objects on ∂M̂(r, n) are suitable modifications

of pullbacks under such blowups.

However, it turns out that already in the charge n = 1 case there are ”too many” possible

lifts if one considers MG(r, n) alone. Now the variation of G.I.T.-quotients for the Gieseker

space over MU (r, n) studied in 2.2 - 2.4 starts to pay off: The problem will be overcome

by considering pairs (F+,F−) in the fibred product MG
+ (r, n) ×MU (r,n) MG

− (r, n) fullfilling

a certain duality condition instead of working with a single torsionfree framed sheaf. We

adapt and extend the notion of dual pairs introduced by Artamkin [1] in a different context

for semi-stable sheaves to our purposes.

In 4.1 we explain how to lift dual pairs lying over the stratum M0(r, n−k)×Sk(1,...,1)C
2 in the

Uhlenbeck space to vector bundles on blowups with splitting type (−1, 1, 0, . . . , 0) along the

exceptional divisors. Then we investigate the general case in 4.2 and close the chapter with

some remarks on the tangent cones to the length-strata of the Gieseker compactification.

4.1 Lifts over the (1, 1, . . . , 1)-stratum

Torsionfree framed sheaves contained in the fibres of the two Gieseker-to-Uhlenbeck maps

MG
± (r, n) −→MU (r, n) over an element (E , p1 + · · · + pk) ∈M0(r, n − k)× Sk(1,...,1)C

2 have

presentations

0→ F+ −→ E
b−→

k⊕

i=1

Opi → 0 and 0→ F− −→ E∗ a−→
k⊕

i=1

Opi → 0
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where the maps b and a are given by specifying elements (b1, . . . , bk) ∈ P(E∗
p1)×· · · ×P(E∗

pk
)

and (a1, . . . , ak) ∈ P(Ep1)× · · · × P(Epk), cf. theorem 2.9.

Definition 4.1. Such a pair (F+,F−) ∈MG
+ (r, n)×MU (r,n) MG

− (r, n) of torsionfree framed

sheaves on the projective plane is called (E , p1+· · ·+pk)-dual if bi(ai) = 0 for all i = 1, . . . , k.

Let σ : P̃2 → P2 be the blowup of P2 at the points p1, . . . , pk and denote the exceptional lines

by E1, . . . , Ek. Dual pairs of torsionfree framed sheaves can be obtained as push-forwards

of a vector bundle on the blowup and its dual down to the projective plane:

Theorem 4.2. Let G be a framed bundle on the blowup P̃2 such that the sheaves F+ := σ∗G

and F− := σ∗(G∗) have presentations

0→ F+ → E
b−→

k⊕

i=1

Opi → 0 and 0→ F− → E ′ a−→
k⊕

i=1

Opi → 0, (4.1)

where E := (σ∗G)∗∗ and E ′ := (σ∗(G∗))∗∗ are bundles in M0(r, n − k). Then

(i) The bundle E ′ is isomorphic to E∗ and (F+,F−) is an (E , p1 + · · ·+ pk)-dual pair.

(ii) The vector bundle G has splitting type G|Ei = OEi(−1) ⊕ OEi(1) ⊕ (r − 2)OEi along

the exceptional lines E1, . . . , Ek.

Proof: The question is local around the points p1, . . . , pk. Therefore we assume for sim-

plicity of notation that k = 1 and omit the indices.

(i) The natural map σ∗(G∗) −→ (σ∗G)∗ is an isomorphism away from the point p and hence

its dual E = (σ∗G)∗∗ −→ (σ∗(G∗))∗ = F∗
− is an isomorphism which implies E∗ ∼= F∗∗

− = E ′.

In order to show that (F+,F−) is a dual pair, we have to prove ba = 0. Pulling back the

presentations (4.1) of F+ and F− to the blowup P̃2 and dividing out the torsion OE(−E)

of σ∗F± along the exceptional line E, we obtain elementary modifications

0→ G+ −→ σ∗E σ∗b−→ OE → 0 and 0→ G− −→ σ∗E∗ σ∗a−→ OE → 0, (4.2)
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where G± := σ∗F±/OE(−E) are locally free. The pullbacks σ∗b and σ∗a can be identified

with the original maps b and a down on P2, e.g. Hom(σ∗E ,OE) = H0(P2, σ∗(σ∗E∗⊗OE)) =

H0(P2, E∗⊗σ∗OE)) = Hom(E ,Op), using the projection formula. If we take the dual of the

second sequence (4.2−) we obtain

0→ σ∗E −→ G∗
− −→ OE(E)→ 0 (4.3)

since Ext1(OE ,OE) = OE(E). Now consider the canonical map σ∗F+ = σ∗σ∗G −→ G

which is an isomorphism away from the single fibre E = σ−1(p) and hence injective. It

factors through σ∗F+ → G+ → 0 and we get a short exact sequence

0→ G+ −→ G −→ Z+ → 0, (4.4)

where the cokernel Z+ is supported on E. Similarly, after dualizing the analogous embed-

ding of the bundle G− in G∗ we obtain

0→ G −→ G∗
− −→ Z− → 0. (4.5)

We can combine (4.2+), (4.3), (4.4) and (4.5) nicely into the diagram

0

��

0

��
0 // G+ //

��

G //

��

Z+ //

���
�
� 0

0 // σ∗E
ζ //

b
��

G∗
− //

ξ
��

OE(E) // 0

OE //___

��

Z−

��
0 0

(4.6)

It is not difficult to see that Z+ = OE(E) and Z− = OE which implies that the dotted maps

are given by non-zero constants. Applying Hom( · ,OE) to the second row in the diagram
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we obtain

0→ Hom(OE(E),OE)→ Hom(G∗
−,OE) ζ∗

−→ Hom(σ∗E ,OE) δ−→ Ext1(OE(E),OE) (4.7)

Tracing through the definitions and noting that Ext1(P̃2,OE(E),OE) ∼= Hom(OfP2 ,OE),

one can show that the connecting homomorphism δ is given by δ(φ) = φ · a. On the other

hand, we deduce from the diagram (4.6) that δ(b) = 0 since κ · b = ζ∗(ξ) for a constant

κ 6= 0 and hence ba = 0 as required for a dual pair.

(ii) We first determine the splitting type of G+ by restricting the sequence (4.2+) to the

exceptional line E:

0→ T or
fP2
1 (OE ,OE)→ G+|E → OrE

b|E−→ OE → 0.

The kernel K of the map b|E is a vector bundle on E and hence K =
⊕
OE(di) with di ≤ 0.

Since deg(G) = 0 it follows that K is the trivial bundle Or−1
E . One can easily check that

T orfP2
1 (OE ,OE) = OE(−E) and hence express G+|E as an extension

0→ OE(1)→ G+|E → Or−1
E → 0.

Since all of those split, we obtain G+|E = OE(1)⊕Or−1
E . The bundle G in turn sits by (4.6)

in a sequence 0→ G+ → G
g−→ OE(E)→ 0. Its restriction to E is

0→ OE
( ℓ, c1,..., cr−1 )
−−−−−−−−−→ OE(1)⊕Or−1

E −→ G|E
g|E−→ OE(−1)→ 0,

where we use that T orfP2
1 (OE(E),OE) = OE . The kernel K′ of g|E is again a rank (r − 1)-

bundle on E. Hence the linear form ℓ has to be zero since otherwise K′ would contain

a factor Oq(1) for a point q ∈ E. Therefore we can write K′ =
⊕r−2

i=1 OE(di) ⊕ OE(1)

with di ≥ 0 and consequently K′ = Or−2
E ⊕ OE(1) since deg(K′) = 1. The vanishing of
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H1(E,Or−2
E (1) ⊕OE(2)) implies that the extension

0→ Or−2
E ⊕OE(1)→ G|E → OE(−1)→ 0

is trivial and thus G has splitting type (−1, 1, 0, . . . , 0) along E as claimed.

Theorem 4.3. Conversely, given a (E , p1 + . . . + pk)-dual pair (F+,F−), there exists a

framed bundle G on the blowup P̃2 with c1(G) = 0, c2(G) = n and G|E = OE(−1)⊕OE(1)⊕

Or−2
E such that (F+,F−) = (σ∗G, σ∗(G∗)). The set of all such lifts G of the dual pair

(F+,F−) is parametrized by the affine space
⊕k

i=1 Hom(OEi(Ei),OEi ) ∼= C2k.

Proof: We assume again without loss of generality that k = 1. Given a dual pair

0→ F+ −→ E
b−→ Op → 0 and 0→ F− −→ E∗ a−→ Op → 0,

we get exactly as in the proof of the last theorem two short exact sequences (4.2+) and

(4.3) after pulling back the presentations of F± to the blowup and subsequently killing the

torsion. It is instructive to write them in the form:

0

��

0

���
�
�

0 //___ G+ //___

��

G //___

���
�
�

OE(E) //___ 0

0 // σ∗E
ζ //

b
��

G∗
− //

ξ
���
�
� OE(E) // 0

OE

��

OE

���
�
�

0 0

(4.8)

To find a lift G on the blowup, all we need is a map ξ : G∗
− → OE with ξ ◦ ζ = b. But a look

at the sequence (4.7) shows that the assumption δ(b) = ba = 0 of (F+,F−) being a dual pair

guarantees the existence of Hom(OE(E),OE) ∼= C2-many such maps ξ. As an elementary

modification of G∗
− along E, the sheaf G is locally free. We can now easily complete the
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diagram (4.8). Since σ∗OE(E) = 0, pushing the diagram down to P2 identifies its first two

columns and shows that indeed σ∗G = F+. Similarly one can verify that σ∗(G∗) = F− by

dualizing (4.8) and pushing it subsequently down to the projective plane. The statement on

the splitting type of G along the exceptional line E follows exactly as in theorem 4.2.(ii).

How should one think about lifts of dual pairs?

There is an intuitive way of how to think about the lifting process and the choices involved,

described here again only for (ν) = (1):

Step I. Starting with a dual pair (F+,F−), we pull back its two components to the blowup

P̃2 and eliminate the torsion along the exceptional line E. We denote the resulting bundles

by G+ and G−.

Step II. Now we somehow have to “fuse” the bundles G+ and G∗
− into a new one, G,

with adjusted Chern-classes. Here we have different choices how to do this: If we take the

quotient by G+ of the second row in (4.8), we get immediately the sequence

0 // OE // G∗
−/G+ // OE(−1) // 0 . (4.9)

• The sheaf G∗
−/G+ in the middle measures the “deficiency” of the original pair (F+,F−)

from being locally free: If F+ were a vector bundle E and F− its dual, then G∗
−/G+ would

vanish since G∗
− = (σ∗E∗)∗ = σ∗E = G+. To identify G∗

−/G+ as a sheaf, note from (4.9) that

it can be supported only in a neighbourhood of the exceptional line. Hence we can forget

for a moment about the framing of the objects involved. As unframed sheaves, F+ and F−

are both isomorphic to Ip⊕Or−1
P2 . Then G+ ∼= OfP2(−E)⊕Or−1

fP2
and G∗

−
∼= OfP2(E)⊕Or−1

fP2
.

The composite map G+ → σ∗E → G∗
− in (4.8) is given by (s2, 1, . . . , 1), where s cuts out the

exceptional divisor E. Hence

G∗
−/G+ = OfP2(E)/OfP2 (−E) ∼= O2E .
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• The sequence (4.9) as a whole determines how the bundles G+ and G∗
− are “glued together”.

More precisely, a quick study of (4.7), (4.8) and (4.9) shows:

Lemma 4.4. The choice of a lift G for a given (E , p1 + · · · + pk)-dual pair (F+,F−) in

theorem 4.3 is equivalent to the choice of a splitting s of the exact sequence

0 // ⊕k
i=1OEi

// G∗
−/G+ //

s
mm

⊕k
i=1OEi(−1) // 0 (4.10)

A preferred natural choice for the splitting s is given by G∗
−/G+ ∼=

⊕
O2Ei −→

⊕
OEi → 0,

the map which forgets the non-reduced structure of the 1st-infinitesimal neighbourhoods 2Ei.

It corresponds to the choice of the origin in
⊕k

i=1 Hom(OEi(Ei),OEi) ∼= C2k.

A remark on dual pairs and 1-dimensional deformations

Given a torsionfree framed sheaf 0 → F+ → E b−→ C+ =
⊕
Opi → 0 on the bound-

ary of the Gieseker compactification MG
+ (r, n), there is a natural way to construct a dual

partner F− ∈ MG
− (r, n) using infinitesimal deformations: Consider ξ ∈ TF+MG

+ (r, n) =

Ext1(F+,F+(−L)). Dualizing the induced extension 0→ F+ → R→ F+(L)→ 0 yields an

exact sequence

0→ F∗
+(−L)→ R∗ → E∗ δ(ξ)

−→ C−,

where C− := Ext1(F+,O) ⊗OP2(−L) ∼= Ext2(C+,O). The connecting homomorphism δ(ξ)

is surjective if and only if

ξ ∈ Ext1(F+,F+(−L)) fullfills δ(ξ)pi 6= 0 for all i = 1, . . . , k (4.11)
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or in other words if “deforming in direction ξ cancels all singular points pi”. In this case,

0 → F− → E∗ δ(ξ)
−→ C− → 0 is a candidate for a dual partner of F+. Let us check that

(F+,F−) is indeed a dual pair. We have:

Ext2(E ,F+(−L)) = Ext2(E , E(−L)) = 0

Ext2(C+,F+(−L))

OO

φ // Ext2(C+, E(−L))
ψ //

≈f
��

Ext2(C+, C+) //

≈g
��

0

Ext1(F+,F+(−L))

d

OO

δ(ξ) //_________ Hom(E∗, C−) //____ H0(C+ ⊗ C−)

It is not difficult to see that (f ◦φ◦d)(ξ) = δ(ξ) and that g◦ψ◦f−1 is given as multiplication

by b ∈ Hom(E , C+). Hence b · δ(ξ) = 0 as expected. The following result of Artamkin [1] for

semi-stable sheaves holds in our situation as well:

Lemma 4.5. Let F ∈ Coh(P2 × A1) be a flat deformation of the sheaf F+ ∼= F0 over the

base A1 such that there is a vector ξ ∈ Ext1(F+,F+(−L)) tangent to the deformation F

which fullfills condition (4.11). Then:

(i) All singularities of F+ are removable in F which implies that F is reflexive and F t

is locally free for general t.

(ii) Let F− := Ker(δ(ξ)). Then F∗ is a deformation of (F∗)0 ∼= F− and (F+,F−) is a

dual pair.

(iii) Consider the sheaf G := (σ × idA1)∗F on the threefold P̃2 × A1. Then G∗∗ is locally

free and the bundle (G∗∗)0 on the blowup P̃2 is a lift of the dual pair (F+,F−).

Remark: One can show that for sheaves F+ of the form above a one-dimensional defor-

mation with a tangent vector fullfilling condition (4.11) always exists.
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4.2 General lifts

We turn now to the general situation. Recall from theorem 3.3 that the Kirwan stratum

GL(n).ZR(ν) associated to a fixed partition (ν) = (ν1, . . . , νl), ν1 ≥ · · · ≥ νl of the number

k, 1 ≤ k ≤ n consists of the points in X lying over MU
(ν) := M0(r, n − k) × Sk(ν)C

2 in the

Uhlenbeck space MU (r, n). The inverse images of the strata MU
(ν) under the two Gieseker-

to-Uhlenbeck maps π± are by theorem 2.9 fibrations M±
(ν) over MU

(ν) with possibly singular

but irreducible fibres
∏l
i=1 Y

±/GL(νi) ∼=
∏l
i=1 Quot(r, νi).

Consider arbitrary pairs (F+,F−) ∈MG
+ (r, n)×MG

− (r, n) of framed sheaves on the bound-

aries of the two Gieseker spaces. They have presentations

0→ F+ −→ E+
a−→ C+ → 0 and 0→ F+ −→ E−

b−→ C− → 0 (4.12)

where E± := F∗∗
± are locally free and C± are sheaves of finite length. It follows from

theorem 2.7, that the conditions for the pair (F+,F−) to be a point in the fibred product

M+
(ν) ×MU

(ν)
M−

(ν) are

(i) E− ∼= E∗
+ (ii) C− ∼= Ext2(C+,OP2) and (iii) C± =

l(ν)⊕

i=1

Ci
± with l(Ci

±) = νi.

Condition (i) & (ii) guarantee that the two framed sheaves F± are mapped to the same

point in MU (r, n) and (iii) forces the image to lie in the stratum MU
(ν). The second Chern

classes of E+ and E− are then n − k and the common cycle associated to C+ and C− is of

the form ν1p1 + · · ·+ νlpl.

Remark: Note that on an open subset of M+
(ν), the sheaves C+ are direct sums of structure

sheaves of schemes Zi ∈ Hilbνi(C2) with points pi as their underlying reduced schemes,

cf. Lehn [11]. The fibration M+
(ν) is irreducible since due to theorem 2.9 all of the fibres are.

Hence generically, condition (ii) says that

C+ = OZ1 ⊕ · · · ⊕ OZl and C− = ωZ1 ⊕ · · · ⊕ ωZl .
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We are now in the position to define dual pairs in general:

Definition 4.6. Let (E , ν1p1 + · · · + νlpl) be an element of MU
(ν). A pair (F+F−) of tor-

sionfree framed sheaves in MG
+ (r, n) ×MG

− (r, n) is an (E , ν1p1 + · · ·+ νlpl)-dual pair if

(D1) it is a generic element of the fibred product M+
(ν) ×MU

(ν)
M−

(ν), or in other words if the

two sheaves F± have presentations

0→ F+ −→ E
b−→

l⊕

i=1

OZi → 0 and 0→ F− −→ E∗ a−→
l⊕

i=1

ωZi → 0 (4.13)

with (Zi)red = pi, cf. properties (i)-(iii);

(D2) the image of (bi, ai) under the canonical pairing H0(E∗ ⊗ OZi) × H0(E ⊗ ωZi) → C

vanishes.

We call Z = Z1 ∪ · · · ∪ Zl the support of the dual pair (F+,F−).

The new base surfaces

For a fixed partition (ν) = (ν1, . . . , νl) of k ∈ {1, . . . , n} with ν1 ≥ · · · ≥ νl and a given dual

pair (F+,F−) ∈ M+
(ν) ×MU

(ν)
M−

(ν) with support Z = Z1 ∪ · · · ∪ Zl, we let σ1 : P̃2
1 −→ P2

denote the surface obtained by blowing up P2 at the reduced points p1, . . . , pl underlying

Z. The zero-dimensional part Z(1)
i of the of the inverse image of Zi under the blowup lies

entirely on the exceptional line E(1)
i and generically l(Z(1)

i ) = l(Zi)−1, cf. lemma 4.8. Note

that these new zero-schemes can have several irreducible components
⋃
Z(1)
ji := Z(1)

i . In

a second step, we blow up the surface P̃2
1 along the reduced points underlying the Z(1)

j .

Continuing this blowup-process, we obtain after ν1 steps a surface

σ : P̃2(Z) := P̃2
ν1

σν1−→ · · · σ3−→ P̃2
2

σ2−→ P̃2
1

σ1−→ P2

containing l(ν) trees of projective lines with (−1)-curves Fj := E(ν1)
j as leaves. The process

is depicted schematically in figure 3.
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Figure 3: The blowup procedure.

Z1

Z2
Z3 = p3

P2

P̃2
1

σ1

σ2

σ3

P̃2(Z)

P̃2
2

P1-leaves

projective lines
places where
blowups happened

The lifts

Generalizing the method from section 4.1, we construct lifts of such dual pairs (F+,F−) to

framed vector bundles G on P̃2(Z).

Theorem 4.7. Let (F+,F−) ∈M+
(ν) ×MU

(ν)
M−

(ν) be an (E , ν1p1 + · · ·+ νlpl )-dual pair with

support Z = Z1 ∪ · · · ∪ Zl. Then on an open subscheme of M+
(ν) ×MU

(ν)
M−

(ν) there exists an

SL(r,C)-bundle G on the surface P̃2(Z) σ−→ P2 with c2 = n and (σ∗G, σ∗(G∗)) = (F+,F−).

The bundle G has splitting type

(
κ−times︷ ︸︸ ︷

−1, 1, . . . ,
︷ ︸︸ ︷
−1, 1, 0 . . . , 0 )

along all lines with self-intersection −κ in the trees, thus in particular type (−1, 1, 0, . . . , 0)

along the leaves Fj . The lift G is unique up to a choice of an element in C2k+2
P

i,j l(Z
(i)
j )
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which can be more intrinsically regarded as

ν1⊕

i=1




τ(i)⊕

j=1

Hom
(
OE(i)

j

(
E(i)
j

)
,OEj

(i)

)
⊕
τ(i+1)⊕

j=1

H0OZ(i)
j
⊕H0ωZ(i)

j



 , (4.14)

where τ(i) denotes the number of blowups at step i.

Interpretation: This procedure should be roughly thought of as an algebro-geometric

analogue to Taubes bubbling technique [8] in differential geometry: He replaces the ideal

instantons which form the boundary of the Uhlenbeck space by honest instantons on a new

manifold obtained by bubbling off trees of 4-spheres from the given S4. We replace a pair

of torsionfree sheaves on P2 by an honest vector bundle on a new algebraic surface obtained

via blowups that contains trees of projective lines.

Proof: Since the question is local around each point of the support of ν1p1 + · · · + νlpl,

it is again enough to consider the cases where the partition (ν1, . . . , νl) consists of a single

integer ν1 = k. The case k = 1 has been treated in theorem 4.3 and may be regarded as the

start of the induction. Instead of writing down the general step k → k + 1 and wrestling

with a myriad of indices, we believe that it is more instructive to give an idea of how the

inductive step works by illustrating the case 1→ 2:

Starting with a (E , 2p)-dual pair (F+,F−) with support Z ∼= V (x2, y), we can deform the

first component F+ into a simpler sheaf:

0 // F+

���
�
�

// E b // OZ //

ψ
��

0

0 // Fp+ // E // Op // 0

. (4.15)

Here ψ : OZ → Op → 0 is the natural map that forgets the non-reduced structure of Z and

Fp+ denotes the kernel of the composite ψ ◦ b. The surjective map ψ has kernel Op. Writing

down the analogous diagram for F− shows together with property (D2) that (Fp+,F
p
−) is an

(E , p)-dual pair on P2.
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If we pull back ψ to the blowup σ1 : P̃2
1 → P2 we obtain an exact sequence

0→ OE(−q)→ OE → σ∗
1OZ

σ∗
1ψ−→ OE → 0. (4.16)

for a point q on E specified by the tangent vector of Z. Hence σ∗
1OZ = OE ⊕Oq. We prove

this important step separately for generic Z in lemma 4.8.

Lifting (4.15) to the blowup, deleting the torsion along E as in the proof of theorem 4.2

and applying the snake lemma, we get:

0

��
0

��

Oq

��
0 // R+

��

// σ∗
1E // OE ⊕Oq //

σ∗
1ψ

��

0

0 // Rp+ //

��

σ∗
1E // OE //

��

0

Oq

��

0

0

(4.17)

with R+ := σ∗
1F+/OE(−E) and Rp+ := σ∗

1F
p
+/OE(−E). Notice that R+ fails to be locally

free due to the contribution of Oq. We could almost apply our induction hypothesis to the

first column of the diagram if the sheaves R+ and Rp+ had not [−E] as first Chern class

instead of c1 = 0 as desired. In order to adjust them, we proceed in two steps:

Step I. The fact that (Fp+,F
p
−) is an (E , p)-dual pair allows us to exploit the first step of

the induction. By theorem 4.3, we can construct a lift Rp on P̃2
1 sitting conveniently in

0→Rp+ −→ R
p −→ OE(E)→ 0 and 0→Rp− −→ (Rp)∗ −→ OE(E)→ 0. (4.18)

We have a choice of Hom(OE(E),OE) for the lift Rp.
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Step II. Now we display (4.18+) and the first column of (4.17) whose Chern classes we

want to adjust as follows:

0

���
�
� 0

��
0 // R+ //

���
�
� Rp+

f //

g
��

Oq // 0

0 // S+ //

���
�
� Rp

β //

��

Oq // 0

OE(E)

���
�
� OE(E)

��
0 0

(4.19)

We have to find a map β with β ◦ g = f . Since Ext1(OE(E),Oq) = H1(E,Oq(−E)) = 0 it

follows that such a map exists and that we have Hom(OE(E),Oq) = H0Oq -many choices

for it. Let S+ denote the kernel of β.

As in the proof of theorem 4.3, we can now complete the diagram and observe that pushing

it down to P2 identifies the first two rows. This implies immediately that σ1∗(S+) ∼= F+.

In exactly the same fashion, we construct from (4.18−) and 0→ R− → Rp− → ωq → 0 the

corresponding dual partner 0 → S− −→ (Rp)∗ α−→ ωq → 0 with σ1∗(S−) = F−, having a

choice of H0ωq.

Now we are finally in the position to apply the induction hypothesis to the (Rp, q)-dual pair

(S+,S−) on the blowup P̃2
1 and obtain after another choice of Hom(OF (F ),OF ) the desired

lift G on σ : P̃2(Z) σ2−→ P̃2
1

σ1−→ P2 with

(σ∗G, σ∗(G∗) ) = (σ1∗(σ2∗G ), σ1∗(σ2∗(G∗)) ) = (σ1∗(S+), σ1∗(S−)) = (F+,F−).

Summary of all choices made:

hypothesis
︷ ︸︸ ︷
Hom(OF (F ),OF ) ⊕

induction step
︷ ︸︸ ︷
Hom(OE(E),OE)⊕H0Oq ⊕H0ωq.
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It remains to show that G has the splitting types

(i) G|F = OF (−1)⊕OF (1)⊕Or−2
F along the leaf F.

(ii) G|E = OE(−1)⊕OE(1)⊕OE(−1)⊕OE(1)⊕Or−4
E along the (−2)-curve E.

Since (S+,S−) is an (Rp, q)-dual pair on the blowup P̃2
1, part (i) is a consequence of the

induction hypothesis. For (ii), note that Rp|E = OE(−1)⊕OE(1) ⊕Or−2
E by theorem 4.3.

Restricting the pullback 0 → K → σ∗
2Rp → OF → 0 of the map β : Rp → Oq from (4.19)

to the strict transform of E under σ2 : P̃2(Z)→ P̃2
1, we obtain

0→ T or
fP2(Z)
1 (OF ,OE)→ K|E → OE(−1)⊕OE(1)⊕Or−2

E
σ∗

2β|E−→ Oq′ → 0,

where q′ = F ∩ E. Since the torsion sheaf vanishes it is easy to check that K|E =

2OE(−1) ⊕ OE(1) ⊕ Or−3
E by examining the map σ∗

2β|E . But due to the construction,

the lift G sits in a short exact sequence 0→ K → G → OF (F )→ 0, cf. (4.8), which becomes

0 → OE(−1) ⊕ OE(1) ⊕ OE(−1) ⊕ Or−3
E → G|E → Oq′(1) → 0 after restriction because

T or
fP2(Z)
1 (OF (F ),OE) = 0. From this sequence we obtain part (ii).

The following postponed lemma completes the proof:

Lemma 4.8. Let Z ∈ Hilbk(C2) with Zred = p and dimTpZ = 1. Then the pullback of the

forgetful map ψ : OZ → Op → 0 to the blowup of P2 at p is σ∗ψ : OE ⊕ OZ′ → OE → 0

where Z ′ is a zero-scheme supported on E of length k − 1.

Proof: We can choose coordinates such that the ideal of Z is mp-primary. The genericity

condition dimTpZ = 1 is equivalent to IZ 6⊂ m2
p. This in turn means that Z is curvilinear

and hence IZ = (xk, y) after possibly changing coordinates. In the chart of the blowup

given by x = x′ and y = x′y′, the pullback of the map ψ is

C[x′, y′]/(x′) · (x′ k−1, y′) −→ C[x′, y′]/(x′, x′y′) ∼= C[x′, y′]/(x′)→ 0.

The exceptional divisor E is cut out by x′ and hence σ∗OZ = OE ⊕OZ′ as an OE-module
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with Z ′ = V (x′ k−1, y′) and therefore σ∗ψ : OE ⊕OZ′ → OE → 0 as desired.

Relation between moduli of bundles on blowups and the fibred products

M+
(ν) ×MU

(ν)
M−

(ν)

For a fixed given partition (ν) = (ν1, . . . , νl), letM denote the family of “all possible” moduli

spaces M0( P̃2(Z), r, n ) of framed SL(r,C)-bundles with c2 = n on blowups P̃2(Z)
σ(Z)
−→ P2,

obtained by varying the surfaces P̃2(Z). Its index set is given by all supports Z = Z1∪· · ·∪Zl

of dual pairs (F+,F−) ∈ M+
(ν) ×MU

(ν)
M−

(ν) and can hence be identified with the product
∏l
i=1 Hilbνi of punctual Hilbert schemes. The different types of surfaces P̃2(Z) induce a

stratification on the latter.

We believe that M carries a scheme structure. Denote by Nbundle the dense subvariety of

M consisting of bundles G on surfaces P̃2(Z) having trivial splitting type along all lines in

the trees of P̃2(Z). Furthermore, let Nboundary be the subvariety of bundles G with splitting

type

G|E = Or−2κ
E ⊕

κ⊕

i=1

(OE(−1)⊕OE(1) ) (4.20)

along all projective lines E in the surfaces P̃2(Z) surface with self-intersection E2 = −κ.

As a consequence of theorem 4.7 and main result of this chapter, we obtain the following:

Theorem 4.9. Let N denote the subvariety Nbundle ∪ Nboundary of the family of moduli

spaces M = {M0( P̃2(Z), r, n ) }. There exists a morphism

Θ : N −→MG
+ (r, n)×MU (r,n) M

G
− (r, n); G 7→ (σ(Z)∗G, σ(Z)∗(G∗) ),

whose restriction to Nbundle maps onto the space of framed bundles M0(r, n). The restriction

of Θ to Nboundary has image contained in M+
(ν) ×MU

(ν)
M−

(ν) and affine spaces Cµ as fibres.

Generically, the dimension of a fibre is µmin = 4k − 2l(ν). The maximal possible fibre

dimension is µmax = k +
∑l(ν)

i=1 ν
2
i and all even integers µ between µmin and µmax occur as

fibre dimensions.
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Remark: The number µ can be determined in a neat combinatorial way by associating

weights to the nodes in the l trees of lines in the surface P̃2(Z1 ∪ · · · ∪ Zl): To each node q

except for the l vertices pi = Zi,red associate the number of nodes in the sub-tree having q

as its vertex. Let t denote the sum over all these weights. Then t =
∑

i,j l(Z
(i)
j ) in theorem

4.7 and therefore µ = 2(k + t). This method is illustrated in figure 4.

Figure 4: The various surfaces P̃2(Z) with l(Z) = 4, Zred = p

2
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and : Leaves of the trees of P1
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4.3 On the tangent cones of the length strata of the Gieseker space

Consider arbitrary torsionfree sheaves 0 → F → E → C → 0 on the boundary of the

Gieseker compactification MG(r, n) and let τ(F) denote the length of the cokernel C.

Let F ∈ Coh(P2 × S) be an arbitrary S-flat deformation of framed sheaves of F = Fs0 .

The function s 7→ τ(Fs) is upper semi-continuous. Define S≥k = {s | τ(F s) ≥ k} and Sk =

{s | τ(F s) = k}. We look now at tangent vectors ξ ∈ Ext1(F ,F(−L)) to the deformation

F of F . They induce extensions 0→ F → R → F(L)→ 0 and hence sequences

0→ F∗(L)→ R∗ → E∗ δ(ξ)
−→ Ext1(F ,O) ∼= Ext2(C,O). (4.21)

Consider the cones Ck = { ξ ∈ Ext1(F ,F(−L) | l(Coker(δ(ξ))) ≥ k } in the tangent space

Ext1(F ,F(−L) of MG(r, n) at F . There is a (relatively) explicit description of the tangent

cones to the length-strata S≥k in terms of the cones Ck:

Lemma 4.10 ([1]). For an arbitrary S-flat deformation F ∈ Coh(P2 × S) of F one has

θF,s0(TCs0(S≥k)) ⊆ Ck ⊆ Ext1(F ,F(−L)),

where TCs0(S≥k) denotes the tangent cone to S≥k at the point s0 and θF : TS →

Ext1(F ,F ⊗ p∗OP2(−L)) is the Kodaira-Spencer map associated to the deformation F .

For the universal deformation U → P2×MG(r, n), the strata Mk are the inverse images of

M0(r, n − k) × SkC2 under the Gieseker-to-Uhlenbeck map, id est they are “coarser” then

the inverse images of the Kirwan-strata MU
(ν) = M0(r, n− k)×Sk(ν)C

2 indexed by partitions

which we considered in the last section 4.2.

Lemma 4.10 on the tangent cones and theorem 4.7 suggest by analogy with lemma 4.5

the following “stable-reduction type” conjecture for the construction of lifts of general dual

pairs (F+,F−) ∈M+
(ν) ×MU

(ν)
M−

(ν) using one-dimensional deformations:
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Conjecture 4.11. To a generic F+ in the inverse image M+
(ν) of the Kirwan-stratum

MU
(ν) there exist a deformation F ∈ Coh(P2 × A1) of F+ ∼= F0 and a suitable tangent

vector ξ ∈ Ext1(F+,F+(−L)) to F not contained in the tangent cone TCF+(M+
(1) ) with the

following properties:

(i) Let F− denote the kernel of the map δ(ξ) in (4.21). Then F∗ is a deformation of

(F∗
0) ∼= F− and (F+,F−) is a dual pair.

(ii) Let G1 denote the pullback (σ1 × idA1)∗F to the threefold P̃2
1 × A1 and consider the

double-dual G∗∗
1 . Then (G∗∗

1 )0 will in general not be locally free but fullfill τ((G∗∗
1 )0) <

τ(F+). Repeating the process of pulling back and taking the double-dual ν1 times, we

obtain a locally free sheaf G∗∗ on P̃2(Z) × A1 and the bundle (G∗∗)0 is a lift of the

dual pair (F+,F−).

Remark on the tangent cones in the charge n=2 case

We close with an application of the lemma on tangent cones: The subvariety M≥1 of

MG(r, 2) is the closure M+
(1) of the inverse image of MU

(1) and M2 = M+
(1,1)∪M

+
(2), the union

of the inverse images of the (1, 1) and (2)-strata.

By lemma 4.10, the tangent cone TCF (M≥1) is contained in the cone

C1 = {ξ ∈ Ext1(F ,F(−L) | l(Coker(δ(ξ)) ≥ 1}.

If F ∈M+
(1,1) the boundary map δ(ξ) is W ∗⊗OP2 → Ext1(F ,O) ∼= Op1 ⊕Op2 and the cone

C1 = C1
1 ∪ C1

2 splits into two components, where C1
i := { ξ | δ(ξ)pi 6= 0 and δ(ξ)pi+1 = 0 }.

Corollary 4.12. The tangent cone TCF

(
M+

(1)

)
to the closure of the inverse image of the

(1)-stratum under the Gieseker-to-Uhlenbeck map at a point F ∈M+
(1,1) has two components.

If however F ∈ M+
(2), i.e. generically 0 → F → W ⊗O → OZ → 0 with Z ∼= V (x2, y), not

much can be said: The boundary map is W ∗ ⊗OP2 → ωZ and C1 = {ξ | rk δ(ξ) ≤ 1}.
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5 The new compactification

Applying Kirwan’s desingularization method to the Uhlenbeck space MU (r, n), we propose

to regard the result M̂(r, n) as a new compactification of the space of framed SL(r,C)-

bundles. The objects on the boundary are interpreted as bundles on varying blowups of the

projective plane using the dual pair construction from chapter 4. We completely describe

in 5.1 the new compactification M̂ (r, 1) for charge one and outline then in 5.2 our current

understanding of the general case.

5.1 The compactification for charge n = 1.

First, we identify the new compactification M̂(r, 1) as one of the two irreducible components

of the space M+(r, 1) ×MU (r,1) M−(r, 1), the fibred product of two copies of the Gieseker

compactification equipped with different polarizations over the Uhlenbeck space. Then

we show that there is a C2-bundle over M̂(r, 1) whose total space is the family M =

{M0(P̃ 2(p), r, 1) } p∈ P2\L of moduli spaces parametrizing SL(r,C)-bundles on the blowup

of P2 at the point p which have charge one and are framed along the strict transform of

the line L. The bundle Θ : M → M̂(r, 1) comes with a canonical section s. We relate the

map Θ and the image of the boundary divisor ∂M̂(r, 1) under the section s to the dual

pair construction and interpret the points in ∂M̂(r, 1) as those charge-one bundles on the

blowups P̃ 2(p) which have splitting type (−1, 1, 0, . . . , 0) along both the exceptional line Ep

and the fibers of P̃ 2(p) considered as a ruled surface.

The strategy is to describe the moduli spaces MU (r, 1), M±(r, 1) and the fibred product in

terms of ADHM-data as introduced in chapter 2. Then we exploit the fact that for framed

bundles on the blowup of P2 at a single point there exists a similar ADHM-description of

their moduli space due to A. King [21].
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5.1.1 The ADHM-description before imposing the integrability condition

In the charge-one case, the matrix space is simply M = C2×W ×W ∗, where W ∼= Cr, and

the group G = C∗ acts non-trivially only on W ×W ∗ via g.(a, b) = (ag−1, gb). The sets of

(semi-)stable points for the two quotients M �± C∗ are

Mss
+ = Ms

+ = C2 ×W ×W ∗ \ {0}

Mss
− = Ms

− = C2 ×W \ {0} ×W ∗,

and the set of strictly semi-stable points for the affine quotient M �0 C∗ is

Mss
0 \Ms

0 = {(α1, α2, a, 0)} ∪ {(α1, α2, 0, b)}.

Consider the fibred product

M �+ C∗ ×M�0C∗ M �− C∗

Φ+uukkkkkkkkkkkkkk

Φ− ))SSSSSSSSSSSSSS

σ

��

M �+ C∗

π+

))SSSSSSSSSSSSSSS M �− C∗

π−

uukkkkkkkkkkkkkkk

M �0 C∗

Proposition 5.1. Its geometry can be described as follows:

(i) The affine quotient M �0 C∗ equals C2 × C(S), where C(S) denotes the affine cone

with vertex o over the image S of the Segre embedding

ψ : PW × PW ∗ → P(W ⊗W ∗).

(ii) The small resolutions of singularities π± : M �± C∗ → M �0 C∗ are in this case just

the blowups of C2 × C(S) along C2 × C(D±), where the divisors D+ and D− on

S are defined as the images of H+ × PW ∗ and PW × H− under ψ for some fixed
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hyperplanes H+ ⊂ PW and H− ⊂ PW ∗. The blowups π± are isomorphisms away

from the preimages C2 × PW ∗ and C2 × PW of C2 × o.

Furthermore, the two geometric quotients M �± C∗ can be identified with the total

spaces of certain vector bundles:

M �+ C∗ ≈−→ 2OPW ∗ ⊕ (W ⊗OPW ∗(−1) ) and

M �− C∗ ≈−→ 2OPW ⊕ (W ∗ ⊗OPW (−1) ).

Under these isomorphisms, the exceptional sets of the blowups π± are the total spaces

of the subbundles 2OPW ∗ and 2OPW , embedded by (f1, f2) 7→ (f1, f2, 0).

(iii) The fibred product M �+ C∗ ×M�0C∗ M �− C∗ is isomorphic to

2OPW×PW ∗ ⊕OPW×PW ∗(−1,−1)

and hence irreducible.

(iv) The blowup σ of M �0 C∗ at C2 × o equals 2OPW×PW ∗ ⊕ OPW×PW ∗(−1,−1) and is

therefore isomorphic to the fibred product. The total space C2×PW ×PW ∗ of the first

summand is the exceptional divisor E of the blowup.

(v) The two projections Φ± : M �+ C∗ ×M�0C∗ M �− C∗ −→M �± C∗ are the blowups

Φ+ : Bl( M �+ C∗, 2OPW ∗ )−→ 2OPW ∗ ⊕ (W ⊗OPW ∗(−1) )

Φ− : Bl( M �− C∗, 2OPW ) −→ 2OPW ⊕ (W ∗ ⊗OPW (−1) )

and the restrictions of Φ± to the common exceptional divisor E are just the natural

projections 2OPW ∗
p2←− 2OPW×PW ∗

p1−→ 2OPW .

Proof: (i) The Segre embedding is given by ψ(〈a1, . . . ar〉, 〈b1, . . . , br〉) = 〈ai ⊗ bj〉. Let

s denote the ideal of 2 × 2-minors of the matrix (zij) := (ai ⊗ bj). The affine cone over

the image S of the Segre embedding is therefore Spec C[zij ]/s. On the other hand, the
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C∗-invariant functions on M are

O(M)C∗
= C[α1, α2]⊗ C[ aibj ] = C[α1, α2]⊗ C[zij]/s

and consequently M �0 C∗ is equal to C2 × C(S).

(ii) Consider the C∗-invariant morphism

ξ : W ×W ∗ \ {0} → (W ⊗W ∗)× PW ∗, (a, b) 7→ ( (zij) , 〈b〉 ).

Among the coordinates on the target space we have the relations zijbk − zikbj = 0 which

can be expressed as the ideals si of 2× 2-minors of the matrices

(
zi1 zi2 · · · zir

b1 b2 · · · br

)

. Thus,

the image of the map ξ can be identified with

Proj
(

C[zij ][b1, . . . , br]
s1 + · · · + sr

)
, (*)

where the N-grading of the ring is 1 for the variables zij and 0 for the b1, . . . , br.

This scheme is in turn the total space of the vector bundle W ⊗OPW ∗(−1). The fibres of

the surjective morphism id× ξ : M s
+ → C2× (W ⊗OPW ∗(−1) ) are exactly the orbits of the

C∗-action and therefore the map descends to an isomorphism

M �+ C∗ ∼= 2OPW ∗ ⊕ (W ⊗OPW ∗(−1) ).

In order to identify the resolution of singularities π+ : M�+C∗ →M�0C∗ = C2×C(S) with

a single blowup of the affine quotient along a reduced center, we use the explicit description

of M �+ C∗ as the product of C2 and the Proj (*) of a graded ring:

Let H+ ⊂ PW be the hyperplane cut out by ar = 0. Then the image D+ of H+ × PW ∗

under the Segre embedding ψ is equal to the intersection of S with the codimension-r

plane Λ+ = V (zr1, zr2, . . . , zrr) in P(W ⊗ W ∗): Clearly D+ ⊆ Λ+ ∩ S, and conversely

zrj = ar bj = 0 for j = 1, . . . , r implies that ar = 0 because bj is non-zero for at least one

index.
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The blowup of P(W ⊗W ∗) along this plane Λ+ is Proj C[zij ][b1, . . . , br]/sr. A brief com-

putation shows that the total transform of the cone C(S) is Λ+ ∪ V (s1 + · · · + sr−1) and

therefore the blowup of C2 × C(S) along C2 × C(D+) is equal to

M �+ C∗ = C2 × Proj
(

C[zij ][b1, . . . , br]
s1 + · · ·+ sr

)
.

Away from the vertex, C(D+) is a Cartier divisor in C(S). Thus, the blowup is an isomor-

phism over C2 × C(S) \ o and π−1
+ (C2 × o) = C2 × Proj C[b1, . . . , br] = 2OPW ∗ .

The corresponding statements for M �− C∗ follow by symmetry.

(iii) An element ( (α+
1 , α

+
2 , a

+, b+), (α−
1 , α

−
2 , a

−, b−) ) ∈Ms
+×Ms

− descends to a point in the

fibred product M �+ C∗ ×M�0C∗ M �− C∗ if and only if

α+
1 = α−

1 , α
+
2 = α−

2 and a+ = c a−, b− = c b+ for some c ∈ C. (5.1)

Note that in the case c = 0 the closures of the orbits C∗.(α+
1 , α

+
2 , 0, b

+) and

C∗.(α−
1 , α

−
2 , a

−, 0) intersect in (α±
1 , α

±
2 , 0, 0) and are therefore identified in the affine quo-

tient M �0 C∗. We denote the subset of these points in Ms
+ ×Ms

− by N and consider the

algebraic map ξ : N −→ C2 ×W \ {0} ×W ∗ \ {0} × C given by

(x+,x−) := ((α+
1 , α

+
2 , a

+, b+), (α−
1 , α

−
2 , a

−, b−)) 7→
(
α+

1 , α
+
2 , a

−, b+,
a+
k
a−
k

)
, (5.2)

where a−
k is a non-zero coordinate of a− = (a−

1 , . . . , a
−
r ) ∈ W \ {0}. The map

ξ is well-defined. Moreover, it is an isomorphism with inverse ξ−1(α1, α2, a, b, c) =

((α1, α2, c a, b), (α1, α2, a, c b)) as one can check easily, and

ξ( (g+, g−1
− )•(x+,x−)) =

(
α+

1 , α
+
2 , g− a−, g+ b+, g−1

− g−1
+
a+
k
a−
k

)
for g+, g− ∈ C∗.

On the other hand, the quotient of C2 ×W \ {0} ×W ∗ \ {0} × C for the C∗ × C∗-action

(γ1, γ2).(α1, α2, a, b, c) = (α1, α2, γ1 a, γ2 b, γ−1
1 γ−1

2 c )



62

is 2OPW×PW ∗ ⊕ OPW×PW ∗(−1,−1). Thus, the equivariant isomorphism ξ descends to an

isomorphism

M �+ C∗ ×M�0C∗ M �− C∗ ≈−→ 2OPW×PW ∗ ⊕OPW×PW ∗(−1,−1).

(iv) The blowup of Ar2 = W ⊗W ∗ at the origin o is the total space of the line bundle

OP(W⊗W ∗)(−1) ⊂ (W ⊗W ∗ )× P(W ⊗W ∗).

Then C(S) ⊂ W ⊗ W ∗ is clearly the inverse image of S under the second projection

OP(W⊗W ∗)(−1) → P(W ⊗W ∗) and hence Bl(C(S), o ) ∼= OS(−1) ∼= OPW×PW ∗(−1,−1).

Consequently, the blowup σ of the affine quotient M �0 C∗ along C2 × o is 2OPW×PW ∗ ⊕

OPW×PW ∗(−1,−1) with exceptional divisor E = 2OPW×PW ∗ = C2 × PW × PW ∗.

(v) By symmetry, it is enough to prove the claim for the map

Φ+ : M �+ C∗ ×M�0C∗ M �− C∗ −→M �+ C∗.

Let U denote the complement of C2×o in M�0 C∗. By (ii), it is contained in M�+ C∗ as an

open dense subset. But since by (iii) and (iv) the fibred product M �+ C∗×M�0C∗ M �− C∗

is isomorphic to the blowup of M �0 C∗ at C2× o, it contains U as an open dense subset as

well.

Consider the preimage Z+ ⊂ M �+ C∗ of C2 × C(D−) under the blowup π+. It is the

union of two irreducible components, the proper transform of C2 × C(D−) and C2 × PW ∗.

The complement of Z+ in M �+ C∗ is dense in the open set U and so the closure of

Φ−1
+ ((M �+ C∗) \ Z+) is equal to the irreducible fibred product. Then by IV-21 in [9] the

projection Φ+ : M�+C∗×M�0C∗ M�−C∗ −→M�+C∗ is nothing but the blowup of M�+C∗

along Z+. Finally, since the strict transform of C2×C(D−) is Cartier in M�+ C∗, it follows

easily that the blowup Bl( M �+ C∗, C2 × PW ∗) is isomorphic to the fibred product.
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5.1.2 Passing to the subquotients

The integrability condition [α1, α2] + ba = 0 reduces in the charge one case to
∑

i biai = 0.

This equation cuts out a C∗-invariant hypersurface X of the matrix space M. Under the

isomorphism M �0 C∗ ∼= C2 × C(S) from proposition 5.1.(i), the subquotient X �0 C∗

is mapped to C2 × C(S ′), where S ′ = S ∩ H denotes the smooth hyperplane section

obtained by cutting the image S of the Segre embedding with the transverse hyperplane

H = V (
∑r

i=1 zii). Furthermore, we identified the affine quotient in theorem 2.6 with the

Uhlenbeck compactification of the space of framed charge-one SL(r,C) bundles on P2:

X �0 C∗ ∼= MU (r, 1) = M0(r, 1) ∪ C2 × {W ⊗OP2 } ∼= C2 × C(S ′). (5.3)

The sole boundary stratum ofMU (r, 1) corresponds to C2×o under the second isomorphism.

where o is the vertex of the cone C(S ′).

Restricting the diagram for the fibred product M �+ C∗ ×M�0C∗ M �− C∗ on page 58, we

obtain

Y
Φ+

xxqqqqqqqqqqq
Φ−

&&MMMMMMMMMMM

σ

��

X �+ C∗

π+

&&LLL
LLL

LLL
L X �− C∗

π−

xxrrrr
rrr

rrr

X �0 C∗

Interpretation:

The geometric quotient X �+ C∗ is the proper transform of X �0 C∗ under the morphism

π+ : M �+ C∗ → M �0 C∗ considered as a blowup. Using the description of M �+ C∗ from

proposition 5.1.(ii) as the total space of the vector bundle 2OPW ∗ ⊕ (W ⊗ OPW ∗(−1) ), it

can be identified with the kernel of the tautological map

2OPW ∗ ⊕ (W ⊗OPW ∗(−1) )
id×( b1,...,br )
−−−−−−−−→ 2OPW ∗ ⊕OPW ∗ → 0.



64

Therefore we obtain

X �+ C∗ ∼= 2OPW ∗ ⊕ ΩPW ∗ ∼= C2 × Bl(C(S ′), C(S ′ ∩D+ ) ) (5.4)

and similarly

X �− C∗ ∼= 2OPW ⊕ΩPW ∼= C2 × Bl(C(S ′), C(S ′ ∩D−) ) (5.5)

On the other hand, the quotients X �± C∗ beg to be interpreted moduli-theoretically:

Nakajima proved that X �+ C∗ agrees with the Gieseker compactification of the space of

framed bundles on P2 with Chern classes c1 = 0, c2 = 1 by torsionfree framed sheaves, cf.

theorem 2.3.(i). As explained in section 2.3.3, its birational counterpart X �− C∗ can be

equipped with the structure of a moduli space of torsionfree framed sheaves as well using

the “dual linear algebra data”. We will write MG
± (r, 1) for X �± C∗ when we think of them

as Gieseker spaces.

Let Y denote the proper transform of X�0 C∗ = C2×C(S ′) under the blowup σ of M�0 C∗

at C2 × o. From proposition 5.1.(iv) we deduce that Y is isomorphic to the restriction of

the bundle 2OPW×PW ∗ ⊕ OPW×PW ∗(−1,−1) to the flag variety F := { ( 〈a〉, 〈b〉 ) ∈ PW ×

PW ∗ | b a = 0 } which parametrizes lines contained in (r− 1)-planes in the vector space W .

By 5.1.(v), we can regard the projection map M �+ C∗ ×M�0C∗ M �− C∗ Φ+−→ M �+ C∗

as the blowup of M �+ C∗ ∼= 2OPW ∗ ⊕ (W ⊗ OPW ∗(−1) ) along 2OPW ∗ = C2 × PW ∗.

The subquotient X �+ C∗ ∼= 2OPW ∗ ⊕ ΩPW ∗ contains the center of the blowup as well.

The proper transform of X �+ C∗ under Φ+ coincides with the irreducible subvariety Y =

2OF ⊕ OF(−1,−1) of the fibred product X �+ C∗ ×X�0C∗ X �− C∗ since both contain

C2×C(S ′) \ o as an open dense subset. The exceptional divisor of the blowup of X �+ C∗

along C2 × PW ∗ is C2 × P(ΩPW ∗) and agrees therefore as expected with 2OF = C2 × F,

the exceptional divisor of Y interpreted as the blowup σ of the affine quotient X �0 C∗

at C2 × o. Exploiting the symmetry, one can show that the proper transform of X �− C∗

under the blowup Φ− coincides with Y as well. Furthermore, the restriction of the blowups
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Figure 5: Schematic picture of the charge-one case (without the C2-factor).

Φ−

Φ+

FPW × PW ∗

X �+ C∗ ∼= ΩPW ∗

W ⊗ OPW ∗ (−1)

σ

π+ π−

PW

PW ∗

the vertex o

PW

OPW ×PW ∗ (−1,−1)

X �+ C∗ ×X�0C∗ X �− C∗

F F

X �0 C∗ = C(S′)

C(S) ∼= C(PW × PW ∗)

C(S′ ∩D+) = C(F ∩ (H+ × PW ∗))
S′ ∼= F
PW ∗

W ∗ ⊗ OPW (−1)

X �− C∗ ∼= ΩPW

OF(−1,−1)

the exceptional sets

Φ± : Y → X �± C∗ to the common exceptional divisor are the two natural projections from

the flag variety F ⊂ PW × PW ∗:

C2 × PW ∗ id×p2←− C2 × F id×p1−→ C2 × PW.
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Remark: The fibred product X �+ C∗ ×X�0C∗ X �− C∗ is reducible in this case. As a

dimension count confirms, it has another component besides Y . The second irreducible

component C2 × PW × PW ∗ meets Y = 2OF ⊕ OF(−1,−1) in the exceptional divisor

2OF = C2 × F.

5.1.3 The Kirwan desingularization M̂(r, 1)

In the charge-one case, the only non-trivial subgroup of G is C∗ itself and there is just a

single stratum

C∗.ZC∗ = C2 × o. (5.6)

The desingularization of MU (r, 1) = X �0 C∗ is simply its blowup σ at C2 × o. Therefore

we obtain as a consequence of the discussion above the following result:

Theorem 5.2. The new compactification M̂ (r, 1) of the space of framed SL(r,C)-bundles

on P2 with c2 = 1 obtained by the Kirwan desingularization of the Uhlenbeck space MU (r, 1)

regarded as the affine quotient X �0 C∗ is isomorphic to the irreducible component

2OF ⊕OF(−1,−1)

of the fibred product MG
+ (r, 1) ×MU (r,1) MG

− (r, 1). The new boundary ∂ M̂(r, 1) ∼= 2OF =

C2 × F sits as a hypersurface with self-intersection −2 in M̂(r, 1).

The situation can be summarized as:

MG
+ (r, 1) ×MU (r,1) MG

− (r, 1)

∪

M̂(r, 1) ∼= 2OF ⊕OF(−1,−1)
Φ+

wwnnnnnnnnnnnn
Φ−

''PPPPPPPPPPP
σ

��

MG
+ (r, 1) ∼= 2OPW ∗ ⊕ ΩPW ∗ //_______________

π+

**UUUUUUUUUUUUUUUUU
MG

− (r, 1) ∼= 2OPW ⊕ ΩPW
π−

ttiiiiiiiiiiiiiiiii

MU (r, 1) ∼= C2 × C(S ′)
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This diagram should be interpreted as an elementary modification in the sense of Mukai.

The new space M̂(r, 1) resolves the flip MG
+ (r, 1) oo //______ MG

− (r, 1) relating the Gieseker

compactification equipped with its two different polarizations and regarded as a MU (r, 1)-

variety.

5.1.4 The new boundary and dual pairs

We show how to interpret the objects on the boundary ∂M̂ (r, 1) = C2 × F as bundles on

blowups. The ingredients are the explicit description of the moduli spaces involved in terms

of ADHM-data as introduced in 2.1-2.3 and 2.6, and lifts of dual pairs.

From theorem 2.11,(i) we know that the space M0(P̃2, r, 1) of SL(r,C)-bundles on the

blowup P̃2 of the plane at the point o = 〈0, 0, 1〉 which are framed along the strict transform

of the line L can be expressed as a quotient X̃s/(C∗ × C∗). The matrix space has in this

case the form

X̃s = { (α1, α2, a, b, c) ∈ C2 ×W \ {0} ×W ∗ \ {0} × C | b a = 0 } (5.7)

where W is a fixed r-dimensional complex vector space. Letting γ1 = g−1
1 and γ2 = g2, the

C∗ × C∗-action (2.23) on X̃s can be rewritten as

(γ1, γ2).(α1, α2, a, b, c) = (γ1γ2α1, γ1γ2α2, γ1 a, γ2 b, γ−1
1 γ−1

2 c). (5.8)

Pairs of the form (Im(a),Ker(b)) determine points in the flag variety F ⊂ PW × PW ∗ and

the quotient X̃s/(C∗ ×C∗) is a principal C∗×C∗-bundle over F. The torus acts twice with

weight (1, 1) and once with (−1,−1) on the matrix space. Hence we obtain immediately:

Proposition 5.3. The moduli space M0(P̃2, r, 1) is the total space of the vector bundle

2OF(1, 1) ⊕OF(−1,−1) over the flag variety F.

By lemma 2.12, the vector bundle G associated to a point (α1, α2, a, b, c) has trivial splitting

type along the exceptional line if and only if c = 0. In particular, the closed subvariety of
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bundles in M0(P̃2, r, 1) with non-trivial splitting type along the exceptional line E is given

by the subbundle

2OF(1, 1) ⊆ 2OF(1, 1) ⊕OF(−1,−1),

embedded via (f1, f2) 7→ (f1, f2, 0). A priori, many different non-trivial splitting types may

occur. However, this is not the case for charge-one bundles:

Lemma 5.4. Let Mnt = 2OF(1, 1) denote the subvariety of bundles in the moduli space

M0(P̃2, r, 1) with non-trivial splitting type along E.

(i) All bundles in Mnt have splitting type (−1, 1, 0, . . . , 0).

(ii) The zero-section F ⊂ Mnt consists precisely of those bundles G which have also non-

trivial splitting type along the fibres f of the blowup P̃2 if we regard it as a ruled surface

over P1. Again, the only occuring splitting type is G|f = Of (−1)⊕Of (1) ⊕O r−2
f .

Proof: (i) Let G|E =
⊕r

i=1OE(di) be the restriction of the bundle to the exceptional line.

Then we have

r∑

i=1

di = 0 and h0G|E(−1) + h1G|E(−1) =
r∑

i=1

|di|.

By (2.26) we get an exact sequence 0→ H0G|E(−1)→ C c−→ C→ H1G|E(−1)→ 0. Since

c = 0 by assumption, we obtain
∑
|di| = 2 and hence (d1, d2, . . . , dr) = (−1, 1, 0, . . . , 0).

(ii) Similarly, by (2.27) there is an exact sequence

0→ H0G|fq (−1)→ H1G(−1,−1) q1α1+q2α2−−−−−−−→ H1G(−1, 0)→ H1G|fq (−1)→ 0

for the fibre fq over a point q = 〈q1, q2〉 in P1. The zero section F of Mnt = 2OF(1, 1) is given

in terms of linear algebra data by α1 = α2 = 0. Therefore h0G|fq (−1) + h1G|fq (−1) = 2,

and the claim follows as in (i).
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The relation between bundles on blowups and M̂(r, 1)

For the blowup σ(p) : P̃2(p) −→ P2 of the plane at an arbitrary point p = 〈β1, β2, 1〉 away

from the line of framing L = V (z) ⊂ P2 we can linearly change coordinates on P2 and its

dual in order to reduce the situation to the blowup of P2 at o discussed in section 2.6.:

x′ = x− β1z u′ = u

y′ = y − β2z v′ = v

z′ = z w′ = w + β1u+ β2v

The blowup σ(p) : P̃2(p)→ P2 can be obtained as the composition of σ(o) : P̃2(o)→ P2 and

the coordinate change. The matrices in the monad (2.25) change for arbitrary p = 〈β1, β2, 1〉

to

Ap =





α1z −v

x− (β1 + cα1)z 0

α2z u

y − (β2 + cα2)z 0

az 0





and Bp =




y − β2z α2z β1z − x −α1z bz

cu u cv v 0





and the bundles on the blowup P̃2(p) are of the form Ker(Bp)/Im(Ap). Hence the family of

moduli spaces M = {M0(P̃2(p), r, 1)}p∈P2\L can be globally written as a quotient of C2× X̃

by the C∗ × C∗-action

(g1, g2).(β1, β2, α1, α2, a, b, c) = (g1β1g−1
1 , g1β2g−1

1 , g2α1g−1
1 , g2α2g−1

1 , ag−1
1 , g2b, g1cg−1

2 ).

Since in the charge-one case the action is trivial on the first two factors, the family M is

equal to the product C2 ×M0(P̃2(o), r, 1).
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The pushforward map

Let us define the natural map

θ = (θ+, θ−) : C2 × X̃s −→ Xns ×Xnc, (5.9)

where

θ+(β1, β2, α1, α2, a, b, c) = (cα1 + β1, cα2 + β2, ca, b) and

θ−(β1, β2, α1, α2, a, b, c) = (cα1 + β1, cα2 + β2, a, cb).

The map θ is C∗×C∗-equivariant. The points in its image fullfill the condition (5.1) in the

proof of proposition 5.1.(iii) characterizing the points in the fibred product. Hence, taking

quotients, we obtain a morphism

Θ : M −→MG
+ (r, 1) ×MU (r,1) M

G
− (r, 1). (5.10)

Its image Im(Θ) is exactly the new compactification M̂(r, 1) and its domain is the family

M of charge-one SL(r,C)-bundles on blowups P̃2(p). Applying lemma 2.14, we obtain in

accordance with theorem 4.9 from chapter 4 on dual pairs:

Proposition 5.5. The morphism Θ : M −→ M̂(r, 1) is moduli-theoretically given by

Θ(G) = (σ(p)∗G, σ(p)∗(G∗)).

Proof: Apply lemma 2.14.

The fibres of the map over each point are isomorphic to C2. However, more is true:

Theorem 5.6. The map Θ : M −→ M̂ (r, 1) is a C2-bundle over the new compactification

M̂(r, 1) with a natural section s : M̂(r, 1) −→ M . The image s(∂M̂ (r, 1)) parametrizes

exactly those framed SL(r,C)-bundles with c2 = 1 on blowups P̃2(p), p ∈ P2 \L which have

splitting type (−1, 1, 0, . . . , 0) along both the exceptional line E and all the fibres f of the
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blowup.

Proof:

The map ξ : N → C2 × W \ {0} × W ∗ \ {0} × C from the proof of proposition 5.1.(iii)

restricted to Im(θ) descends to the isomorphism M̂(r, 1) → C2 × OF(−1,−1). In order to

construct s, we have to find an equivariant map

s′ : C2 ×W \ {0} ×W ∗ \ {0} × C −→ C2 × X̃s = C2 × C2 ×W \ {0} ×W ∗ \ {0} × C

which descends to a continuous section. Consider the maps s′
i : C3 → C given by

s′
1(δ1, δ2, c) =






δ1+δ2
c if c 6= 0

0 if c = 0
and s′

2(δ1, δ2, c) =






δ2−δ1
c if c 6= 0

0 if c = 0

and define

s′ : C2×W \{0}×W ∗\{0}×C −→ C2×X̃s; (δ1, δ2, a, b, c) 7→ (δ1−c s′
1, δ2−c s′

2, s
′
1, s

′
2, a, b, c)

The map s′ is C∗ × C∗-equivariant and fullfills θ ◦ s′ = id. It is not continous, however

after passing to the quotients s : M̂(r, 1) ∼= C2×OF(−1,−1) −→M it becomes the desired

continous section (act by: g1 = c−1,g2 = c and let c→ 0).

Geometrical interpretation of the section s:

Each bundle E in the open part M0(r, 1) of the new compactification M̂(r, 1) has a unique

global section 0→ O → E → Iq → 0. On the other hand, a dual pair (F+,F−) ∈ ∂M̂ (r, 1)

consists of two torsionfree sheaves which are singular over a point p. The section s is given

over M0(r, 1) by mapping to the bundle σ(q)∗E on the blowup in the point q ∈ P2 \ L

through which all jumping lines of the bundle E pass. Over the boundary ∂M̂(r, 1), a dual

pair (F+,F−) is lifted to a bundle G on P̃2(p) with splitting type (−1, 1, 0, . . . , 0) along Ep.

It is the unique lift which has non-trivial splitting type along all fibres f of the blowup as

well. Along the section s, the points q “move” into p when approaching the boundary.
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C2

Θ
Over ∂M̂(r, 1) s is given by
choosing a distinguished lift
of the dual pair (F+,F−)

Here s is given by blowing
up at the point in P2 given
by the section of the bundle E .

C2 C2 C2

s(C)

C

s

∂M̂(r, 1)
M̂(r, 1)

Figure 6: The section s : M̂(r, 1)→M

Our results match up nicely with the dual-pair construction from chapter 4:

Proposition 5.7. The fiber C2 of the map Θ over the point (α1, α2, a, b) ∈ C2 × F =

∂M̂(r, 1) corresponds to the Hom(OEp(Ep),OEp) = C2 of choices from theorem 4.3 for the

lift of the dual pair

0→ F+ →W ⊗OP2
b−→ O〈α1,α2,1〉 → 0 0→ F− →W ∗ ⊗OP2

a−→ O〈α1,α2,1〉 → 0

associated to (α1, α2, a, b). Moreover, the image of (F+,F−) under the section s corresponds

to the “preferred” choice of the lift obtained by the splitting of

0→ OEp −→ G
∗
−/G+ −→ OEp(−1)→ 0

induced by mapping G∗
−/G+ = OfP2(p)(Ep)/OfP2(p)(−Ep)

∼= O2Ep to its reduced structure OEp.

The functorial description of the moduli problem for M̂(r, 1)

The family { P̃2(p) }p∈P2\L of blowups of the plane at points p away from the line of framing

can be also described in the following way: Consider the blowup Y of P2 × C2 along the

diagonal ∆ ⊂ C2 × C2 = P2 \ L× C2 ⊆ P2 × C2 and the induced projections π1 : Y −→ P2
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and π2 : Y −→ C2. Then the restriction of π1 to a fibre Yp = π−1
2 (p) is the blowup

σ(p) : Yp = P̃2(p) −→ P2 of the plane at p.

The general machinery [18], [19] yields the existence of a “relative” moduli space of framed

bundles M(Y/C2)→ C2 with the property that for each point p ∈ C2, the fibres M(Y/C2)p

are isomorphic to M0(P̃2(p), r, 1). This relative space M(Y/C2)→ C2 inherits the property

of being a fine moduli space from its fibres, cf. page 11. As a consequence, it carries

a universal framed bundle U → Y ×C2 M(Y/C2) which restricts over each fibre to the

universal bundle of M(Y/C2)p = M(P̃2(p), r, 1).

Definition 5.8. A framed vector bundle G is called good if it is a bundle on P2 or a bundle

on the blowup of P2 at a point p that has either trivial splitting type along the exceptional

line Ep or type (−1, 1, 0, . . . , 0) along both Ep and all fibres of P̃2(p)→ P1.

We define a contravariant functor M̂(r, 1)( · ) : (schemes) −→ (sets) which associates to a

base scheme S the set M̂(r, 1)(S) of S-flat families G of vector bundles on X ×S, where X

is the plane P2 or a blowup P̃2(p), with the property that each Gs is a good framed vector

bundle on X with Chern classes c1 = 0 and c2 = 1. As usual, the functor sends a morphism

f : S′ → S to the map M̂(r, 1)(S) → M̂(r, 1)(S′) : G 7→ (idX × f)∗G.

Furthermore, we impose an equivalence relation on good bundles: Two good bundles G on

P̃2(p) and G′ on P2 are equivalent if G ∼= σ(p)∗G′.

Proposition 5.9. The space M̂(r, 1) represents the functor M̂(r, 1)( · ). The points in

M̂(r, 1) are in bijection with equivalence classes of good framed SL(r,C)-bundles on P2 and

P̃2(p) with c2 = 1.

Proof: The section s : M̂(r, 1) → M(Y/C2) induces a morphism φ = idY × s : Y ×C2

M̂(r, 1) −→ Y ×C2M(Y/C2). It is a direct consequence of theorem 5.6, the definition of the

functor M̂(r, 1)( · ) and the equivalence relation that the pullback V = φ∗U of the bundle

U → Y ×C2 M(Y/C2) gives a universal family over the new compactification M̂(r, 1).
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5.2 Instanton number n ≥ 2

For arbitrary charge n, the new compactification M̂(r, n) obtained by Kirwan’s method from

the Uhlenbeck space MU (r, n) is given by successively blowing up MU (r, n) along the strict

transforms of the sets MU
(ν) := M0(r, n− k)×Sk(ν)C

2, which are the images of of the Kirwan

strata GL(n).ZR(ν) under the natural quotient map X → X �0GL(n) = MU (r, n), starting

with the smallest stratum associated to the partition (n) and stabilizer group R(n) = GL(n)

and ending with the (1)-stratum and group R(1) = C∗, cf. chapter 3.

Let us denote the exceptional divisors in each step of the Kirwan-desingularization by E(ν).

To their points we have to assign a meaning in terms of vector bundles. Recall that the

dual pair construction guarantees by theorem 4.9 the existence of morphisms

Θ(ν) : Nboundary −→M+
(ν) ×MU

(ν)
M−

(ν); G 7→ (σ(Z)∗G, σ(Z)∗(G∗) ),

where M±
(ν) ⊂M

G
± (r, n) denote the inverse images of the strata MU

(ν) under the Gieseker-to-

Uhlenbeck maps π± and Nboundary ⊂ {M0( P̃2(Z), r, n ) } is the set of all SL(r,C)-bundles

of charge n on surfaces P̃2(Z) with splitting type

G|ℓ = Or−2κ
ℓ ⊕

κ⊕

i=1

(Oℓ(−1)⊕Oℓ(1) ) (5.11)

along the −κ-lines ℓ in the trees of P̃2(Z). Motivated by the charge-one case, we suggest

the following:

Conjecture 5.10. The image of Θ(ν) is isomorphic to E(ν).

The fibres of the maps Θ(ν) are affine spaces Cµ, cf. page 53, and we could then construct

sections s : E(ν) → Nboundary of Θ(ν) as in the charge-one case. This would complete the

interpretation of the points on the normal crossings boundary divisor ∂M̂(r, n) =
⋃

(ν) E(ν)

in terms of bundles on P̃2(Z) of fixed splitting type (5.11).



75

Miscellaneous remarks:

• The Uhlenbeck space has a recursive conic structure (at least away from the symmetric

product parts), e.g.

MU (r, 2) = M0(r, 2) ∪ M0(r, 1) × C2 ∪ {W ⊗OP2} × S2
(1,1)C

2 ∪ {W ⊗OP2} × S2
(2)C

2

= M ′ × C2 ∪ C(S′)× C2 × C2 ∪ {o} × S2
(1,1)C

2 ∪ {o} × C2,

where M ′ is the cone over C(S′) and o denotes the vertex of C(S′)

Figure 7: Schematic picture of the Uhlenbeck space MU (r, 2)

• Analogously to the charge-1 case, locally around E(1) the compactification M̂(r, n) will

look like OFU(−1,−1) where U →M0(r, n − 1)× P2 denotes the universal bundle.
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6 Further directions and remarks

What needs to be done next

As indicated in conjecture 5.10, the relation between the exceptional divisors E(ν) of the

Kirwan desingularization and the fibred product M+
(ν) ×MU

(ν)
M−

(ν) needs further study.

• Structure of neighbourhoods of the strata MU
(ν). For getting our hands on the

exceptional divisorsE(ν) in the Kirwan desingularization for arbitrary charge n, it is essential

to compute the tangent cones of MU
(ν) in MU (r, n). One might obtain TCx MU (r, n) of a

point x ∈ MU
(ν) with x ∈ X having a closed orbit and stabilizer R(ν) perhaps as the

quotient (µ−1
C,R(0) ∩ N̂ )/R, where N̂ denotes an R-invariant complement of the image N of

the differential dxσx of the orbit map, cf. 2.5 on the tangent complex. The map µC,R : M→

End(V )→ Lie(R) is the Lie(R)-direction of the complex moment map (2.2).

• Resolution of the flip. A thorough study of the resolution of the flip between MG
+ (r, n)

and MG
− (r, n) is important in order to understand the relationship between M+

(ν)×MU
(ν)
M−

(ν)

and the exceptional divisors E(ν) of the strata MU
(ν). Recall that in the case n = 1, the flip

is resolved by blowing up MG
+ (r, 1) along M+

(1) = C2 × PW ∗. The blowup is M̂(r, 1), and

its exceptional divisor turns out to be equal to E(1) = C2 × F.

Although we cross only a single wall, the flip for charge n ≥ 2 will no longer be resolved by

a single blowup and blowdown, but instead by a whole sequence along smooth centers. A

strategy to understand this process more explicitly might be to refine the structure of the

wall, similar to Ellingsrud/Göttsche [10].

Functorial description

It would be nice to have a precise functorial description for the moduli problem classified

by the new compactification M̂(r, n) as in the charge n = 1 case (proposition 5.9). Since

the base surface of the bundles in M̂(r, n) is varying among P2 and its blowups P̃2(D), one

has to introduce a suitable equivalence relation on the bundles in order to make sense of

the notion of flat families.
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Compactifications of the space of framed principal GC-bundles

Let G be a classical compact Lie group other than SU(r) and GC its complexification.

There exists an isomorphism identifying the space of pointed G-antiselfdual connections

on S4 with instanton number n and the moduli space M0(GC, n) of framed principal GC-

bundles on P2, cf. 2.3.4 and [7] for the original SU(r)-case. This space has also an Uhlenbeck

compactification MU (GC, n) =
∐
kM0(GC, n − k) × SkC2 with ADHM-description [4] as

an affine quotient X �0 H of a suitable matrix space X by a subgroup of the general

linear group. However, the group H acting on the matrix space has now a discrete center.

Therefore we cannot hope to get Gieseker-type resolutions of MU (GC, n) by varying the

linearization as we did in the case ofH = GL(n,C). On the other hand, we can still compute

the Kirwan-desingularization M̂(GC, n) → MU (GC, n), and the points on the exceptional

divisors should be interpreted as framed GC-bundles on the surfaces P̃2(Z) from chapter 4

with some extra conditions, leading to a partial compactification of the space of principal

bundles M0(GC, n).

Comparison of M̂(r, n) and the space of stable maps to Ω SU(r)

Atiyah identified the space of basepoint-preserving holomorphic maps (P1, p)→ (ΩSU(r), 1)

from the projective line to the loop group of SU(r) with the space of framed SL(r,C)-

bundles on P1×P1, framed along the union {p}×Lv∪Lh×{q} of a vertical and a horizontal

line. Let τ : S → P1 × P1 be the blowup of P1 × P1 at the intersection point (p, q) of the

two lines, τ ′ : S → P2 denote the contraction of the strict transforms of the horizontal and

vertical lines given by |L̃h + L̃v +E| and L be the image of the exceptional line E under τ ′.

Then the space of SL(r,C)-bundles on P1 × P1 with c2 = n framed along Lh and Lv is via

E 7→ τ ′
∗τ∗E isomophic to M0(r, n), our moduli space of bundles on P2 framed along L.

Thaddeus suggested recently a “stable-map type” compactification of the space of pointed

maps P1 → ΩSU(r). He introduces a stable-reduction process for A1-families F of framed

bundles on P1 × P1, modifying the zero-fibre F0 via blowups of the threefold P1 × P1 ×A1
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along points on Lh×Lv ×{0}. It would be interesting to compare his compactification and

M̂(r, n).

Application to physics: Nekrasov’s partition function and instanton count-

ing

Nekrasov [36] recently defined a generating function Z(ǫ1, ǫ2,~a, q) for the relative Donaldson

invariants of C2 by integration in equivariant cohomology over the instanton moduli spaces

M0(r, n).

There is a natural action of the (r+2)-dimensional torus T = (C∗)2× (C∗)r on the Gieseker

space MG(r, n), where the factor (C∗)r changes the framing of the torsionfree sheaves and

the factor (C∗)2 rescales the underlying P2. The fixed points under this action are direct

sums of ideal sheaves of zero-schemes in P2 and can be described combinatorically [32]. The

torus T acts also on the Uhlenbeck space, but with one fixed point i : {n·(0, 0)} →֒MU (r, n)

only, and the Gieseker-to-Uhlenback map π : MG(r, n) → MU (r, n) is T -equivariant and

proper. These observations led Nekrasov to define the generating function as

Z(ǫ1, ǫ2,~a, q) =
∞∑

n=0

qn
∫

MG(r,n)
1,

where the integral
∫
MG(r,n) : HT

∗ (MG(r, n)) → R, α 7→ (i∗)−1π∗ α denotes T -equivariant

integration with values in the quotient field R of H∗
T (pt).

In physics, Z(ǫ1, ǫ2,~a, q) can be regarded as partition function for N = 2 supersymmetric

Yang-Mills theory. It has been explicitly computed by Nekrasov [36] and Nakajima-Yoshioka

[32] using localization. Furthermore, it has been related to the Seiberg-Witten prepotential,

cf. [34] and [32], [33] for details.

The partition function carries a rich structure which is far from being understood.

One of our motivations for working on the new compactification M̂(r, n) is to re-compute the

partition function replacing the role of the Gieseker compactification MG(r, n) by M̂(r, n).
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The new compactification gives an alternative resolution ξ : M̂(r, n) −→ MU (r, n) of the

Uhlenbeck space up to orbifold singularities, the action of the torus T on MU (r, n) lifts to

M̂(r, n) and the map ξ is T -equivariant and proper. We would like to express the Nekrasov

partition function as

Z(ǫ1, ǫ2,~a, q) :=
∞∑

n=0

qn(i∗)−1ξ∗[M̂ (r, n)],

where [M̂(r, n)] denotes the fundamental class of the new compactification in T -equivariant

Borel-Moore homology, and then compute it explicitly using localization.

The normal-crossings boundary of M̂(r, n) is much better-behaved than the boundary of

the Gieseker compactification and its recursive structure promises to shed more light on the

partition function.
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A Appendix

A.1 A unexpected byproduct: Equations for the Uhlenbeck space

During the process of trying to understand the structure of the Uhlenbeck space

MU (r, 2) = M0(r, 2) ∪ M0(r, 1) × C2 ∪ {W ⊗OP2} × S2
(1,1)C

2 ∪ {W ⊗OP2} × S2
(2)C

2

of framed charge two instantons as an affine variety and to see how the four strata fit

together algebraically, I spent some time on trying to find explicit equations for the space,

similarly to the charge n = 1 case.

Although the generators discovered do not lead to many new insights in the geometric

structure of the Uhlenbeck space MU (r, 2), a set of equations generating the coordinate

ring of MU (r, 2) is of independent interest and was not yet known.

The matrix space in charge n = 2 case is M = End(C2)2 ⊕ Hom(C2,W ) ⊕ Hom(W,C2),

where W ∼= Cr. Consider the quotient map π : M → M �0 GL(2). The ideal of the

null-cone NM = π−1(0) = {x ∈ M | 0 ∈ GL(2).x } can be computed using an algorithm

due to H. Derksen [5]. The generators that one obtains following this recipe are not nec-

essarily GL(2)-invariant. One can however show that by applying the Reynolds operator

R : C[M] −→ C[M]GL(2) for the given action to the generators of the ideal INM ⊂ C[M]

of the null-cone, one obtains a full set of generators of the invariant ring C[M]GL(2) as a

subalgebra of C[M].

I computed INM for the (easiest) rank r = 2 case with the computer algebra system

Singular. Among the 21 generators, 13 turned out not to be GL(2)-invariant. Using

Cayley’s Omega process (cf. for example [5], 4.5.3.), I determined the Reynolds operator

for the action by hand and applied it to the generators not yet invariant. Playing with the

result and bringing it in a more intrinsic form led to the conjecture that more generally, the

following should be true:
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Conjecture A.1. The affine variety M �0GL(2) is given as the spectrum of the subalgebra

of C[α1, α2, a, b] generated by the 4 r2 + 5 invariant functions

(i) tr (αi), det(αi) ,︸ ︷︷ ︸
4 invariants

(ii) tr (α1 ◦ φ(α2) ) ,︸ ︷︷ ︸
1 invariant

(iii) a ◦ b ,︸ ︷︷ ︸
r2 invariants

(iv) a ◦ φ(αi) ◦ b︸ ︷︷ ︸
2r2 invariants

(v) a ◦ (α1 ◦ α2 + [α1, α2] + ψ(α2 ◦ α1) + 2α1 ◦ ψ(α2)− 2α2 ◦ ψ(α1) ) ◦ b,

where we abbreviate φ(αi) := αi − α̂i and ψ(αi) := αi + α̂i with α̂i denoting the cofactor

matrix of αi.

Corollary A.2. The Uhlenbeck compactification as an affine variety is given by

MU (r, 2) = X �0 GL(2) ∼= Spec ( C[ fν(α1, α2, a, b) , [α1, α2] + ba ] ) .

where the fν(α1, α2, a, b), ν = 1, . . . , 4r2 + 5 denote the invariants (i)-(v).

Remarks:

(1) The conjecture is true for r = 2, but I do not know how to prove it for higher rank.

I believe that the above set of (algebraically independent) generators is not minimal.

In particular, there should be a nicer form for (v).

(2) The invariants (i)-(v) and [α1, α2]+ba embed MU (r, 2) into affine space as (the closure

of) the image of an explicitly given polynomial map M → C4r2+9. It is difficult to

find the generators of the ideal in the polynomial ring C[z1, . . . , z4r2+9] cutting out

M �0 GL(2) ⊆ C4r2+9. I was not able to do it by hand, and already for the case

MU (2, 2) it is also computationally out of reach: I tried to compute a Gröbner basis

for the ideal



 (zν − fν(α1, α2, a, b) )ν=1,...,25,




z26 z27

z28 z29



− [α1, α2] + ba



 ,

where fν(α1, α2, a, b) denote the invariants (i)-(v), using an elimination ordering for

the variables α1α2, a, b. But after several hours, the computer and me had enough.
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Interpretation of the invariants:

When considered separately, the invariants (i) give the quotient maps

End(C2)→ End(C2) �GL(2) ∼= C2, αi 7→ ( tr (αi), det(αi) )

for the two copies of C2 obtained by the conjugation action on the endomorphisms α1

and α2. The polynomial tr (α1 ◦ φ(α2) ) = (α11
1 − α22

1 )(α11
2 − α22

2 ) + 2α21
1 α12

2 + 2α12
1 α21

2

is the “coupling” between these two quotients. The r2 invariant functions ai1b1j + ai2b2j ,

1 ≤ i, j ≤ r from (iii) generate the invariant ring for the action g.(a, b) = (ag−1, bg) on the

two last components. This is so-to-speak the analogue to the charge n = 1 case from section

5.1.1. The 3r2 invariants (iv) and (v) are “couplings” between the conjugation action on

the αi and the action on a and b.
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1980.

[39] Michael Thaddeus. Geometric invariant theory and flips. J. Amer. Math. Soc.,
9(3):691–723, 1996.

[40] Michael Thaddeus. Variation of moduli of parabolic Higgs bundles. J. Reine Angew.
Math., 547:1–14, 2002.

[41] Giorgio Valli. Bi-invariant Grassmannians and Atiyah-Jones theorems. Topology,
39(1):1–31, 2000.

[42] M. Varagnolo and E. Vasserot. On the K-theory of the cyclic quiver variety. Internat.
Math. Res. Notices, (18):1005–1028, 1999.


